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ここで紹介する結果は全て Preliminary です



QCD 有限温度相転移
• 何故興味があるか


• 宇宙と物質の進化と関係


• 実験: RHIC, LHC


↑ 物理点直上の計算


• 大規模数値計算の主流

• 純理論的な興味


• QCDの理解


• カイラル対称性とその自発的破れ


↑ クォーク質量を変えてプローブ


• 非物理点(クォーク質量)の情報


• 物理点の理解の強固な補強


• 究極的には相図の完成


• この課題で追求する！
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現在でも: Columbia Plot = 大方の人の理解 || 期待
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二次転移

[original Columbia plot: Brown et al 1990]
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Nf=2+1相図
• 連続極限で分かっていること


• Nf=0: 一次転移


• 右上隅はよく分かっている


• Nf=2+1 物理点: cross-over


• staggered (Wuppertal 2006)


• 他の正則化でも反証なし


• 厳密なカイラル対称性を持つ
アプローチでは未踏


• その他の領域は不確定
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QCD 有限温度相転移の理論: Nf=2+1 Lattice

• Nf=2+1 相図が完成すれば


• QCD の理解


• 物理点の相転移の存在、次数が分かる。


• 遠回りだが確実な方法


• 相境界(μ=0)の μ>0 への伸び方を調べる→(T,μ)臨界終点の研究へつなげる

• 大変重要／有用である！
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まずは Nf=2

• Nf=2+1 physical pt. から遠い？


• ms ~100 MeV → ∞


• T=0 では s のあるなしは微細効果


• boundary の情報としては有用


• Nf=2


• Wilson, staggered: 未確定


• 厳密な格子カイラル対称性


➡U(1)A 回復を示唆[JLQCD16]


➡一次転移の可能性 → χt(m)に飛び? 
[Pisarski&Wilczek]
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一次転移だとどうなるか？
• 0 ≤ mf < mc : 一次転移


• 一つの可能性として: Nf=3の一次転移領域と繋がる


• 物理点への影響も考えられる
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格子作用と対称性

我々の手法 
• domain wall fermion (DW)→ “reweighting” to overlap (OV) [JLQCD] 
• 時間を節約しつつ、最終結果は厳密な対称性を保証 

• ただし、有効統計の減少とDWの近似の精度には注意が必要

U(1)B SU(Nf)V SU(Nf)A simulation 
cost

Wilson ✓ ✓ × moderate

staggered ✓ × U(1) cheep

domain wall ✓ ✓ almost 
exact expensive

overlap ✓ ✓ ✓ almost 
impossible



実際、我々の研究で 
トポロジカル感受率 χt(m) に一次転移が見えてい
るかもしれない。。。



χt(mf)  for Nf=2   T=220 MeV
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from y.a. measurement
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physical ud

where is the physical ud mass point ?

ud quark のみの世界の話です

もし現実世界がこうであったら
宇宙初期に一次相転移

axion window が閉じる…
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系統誤差?

• V=323

➡ ∞   必要
• 熱力学極限: m→の前に

• a = 0.07 fm
➡ 0    必要

• a = 0.11 fm と比較
• 誤差はa2

• T=220 MeV
➡ 温度を下げていき         

Tc 近傍まで調べたい
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χt(m)   T=~220 MeV   discretization effect
comparing 1/a=1.7 GeV and 1/a=2.6 GeV;    ( (3.6fm)3 and (2.4fm)3 )

• OV-OV:  better scaling

• GL-DW: large scaling violation   for smaller m

• OV-OV:  χt = 0    (within error)  for 0 ≤ m ≲ 10 MeV
• GL-DW: χt > 0,    but, may well decrease as a

➡ (consistent with OV-OV with large error of OV-OV)
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χt(m)   T=220 MeV   a2 scaling: m=6.6 MeV

continuum scaling in 1st region

• m=6.6 MeV

• vanishing towards continuum limit

• caveat: physical volume is different → needs further invest.

( V=(3.6fm)3 and (2.4fm)3 )
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χt(m)   T=~220 MeV, 323x12
1/a=2.6 GeV

suggesting 2 regions

1: χt  is very small (may vanish in a→0): 0 ≤ m ≲ 10 MeV

     (→ consistent w/ Aoki-Fukaya-Tanigchi for U(1)A symm.)

2: sudden growth of χt                       : 10 MeV ≲ m


• physical ud mass point:  m≃4 MeV
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Next step: Volume Study

In addition to 323,  243 & 483 are studied

from both GL-DW & OV-OV

a→0GL-DW is precise, maybe useful



Results of χt(m)  at T=220 MeV; multiple volume
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Results of χt(m)  at T=220 MeV; multiple volume

• Statistics in trajectory 
         ~30k, 30k, 10k
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• V dependence at m=10 MeV is strange 
• non-monotonic:  cannot take thermodynamic limit 
• important region, where a phase boundary was suggested w/ 323

• Let’s look at the histogram of Q



summary of histogram: T=220 MeV,
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checking U(1)A breaking/restoring scenarios for 
χt(m)    @ T=220 MeV

• AFK scenario: χt= 0   for 0<m<mc

• KY scenario:   χt= 2 fA m2

• There are no strong tensions

• Neither scenario is excluded
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• assume fA≠ 0 (breaking param) 

• expansing free energy in m


• discussing

• finite m and V effect
• in each topological sector

どちらのシナリオも棄却できていない



U(1)A 



まずは Nf=2

• Nf=2+1 physical pt. から遠い？


• ms ~100 MeV → ∞


• T=0 では s のあるなしは微細効果


• boundary の情報としては有用


• Nf=2


• Wilson, staggered: 未確定


• 厳密な格子カイラル対称性


➡U(1)A 回復を示唆  [JLQCD16]


➡一次転移の可能性 → χt(m)に飛び? 
[Pisarski&Wilczek]
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Why bother ?

• Because it is unsettled problem !  
• fate of U(1)A - analytic 

• Gross-Pisarski-Yaffe (1981)           restores in high temperature limit 
• Dilute instanton gas 

• Cohen (1996)    
• measure zero instanton effect → restores 

• Lee-Hatsuda (1996)    
• zero mode  does contributes  → broken 

• Aoki-Fukaya-Tanigchi (2012)   
• QCD analysis (overlap)           → restores w/ assumption (lattice) 

• Kanazawa-Yamamoto (2015)   
• EFT  case study                  how  restore / break 

• Azcoiti (2017) 
• case study                         how  restore / break



Why bother ?

• Because it is unsettled problem !  
• fate of U(1)A lattice  

• HotQCD (DW, 2012)                                           broken 
• JLQCD (topology fixed overlap, 2013)                restores 
• TWQCD (optimal DW, 2013)                               restores ? 
• LLNL/RBC (DW, 2014)                                       broken 
• HotQCD (DW, 2014)                                           broken 
• Dick et al.  (overlap on HISQ, 2015)                    broken 
• Brandt et al. (O(a) improved Wilson 2016)           restores 
• JLQCD (reweighted overlap from DW, 2016)       restores 
• JLQCD (current:  see Suzuki et al Lattice 2017)  restores 
• Ishikawa et al (Wilson, 2017)                       at least Z4 restores
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m 大なほど V 効果が大きく見えている 
これは変だ

m が小さいところでは V 効果が無いように見えたが 
λ=0 近くのサンプリングがより困難なので 

統計が十分か心配



ここまでのまとめ
• カイラル対称性が厳密な計算手法でQCD相転移を追跡 

• 特に Nf=2 QCD では他の手法は信頼に足りない 

• 先行するJLQCD研究より連続理論に近い計算を推進 

• 高温相 T=220 MeV で χt(m) 、特に 体積依存性を追求 

• 一次転移と思われた mc 近傍で 体積依存性が不自然 

• 最大体積 483 で統計不足が疑われる 

• 相転移の有無:                                     結論出ず 

• T>Tc @ phys. point でゼロの可能性:   結論出ず 

• fate of U(1)A  
• T>Tc  で回復するか:      結論出ず 

• 更なる研究が必要



問題点と 
これから半年～１年で明らかにしたいこと
• 統計1 

• トポロジカル感受率:   Q=0 以外のセクターのサンプル 
• U(1)A  Dirac 演算子のゼロに近いモードのサンプル 
• どちらも困難 

• 特に 483 、物理ud質量より軽い点は無謀であったかも。。。 
• 方針 

• m = 5 mud 程度を中心に 403 を調べる 
• T=190 (<220) MeV を開始する:  温度による抑制が緩いので見やすい
はず 

• 統計2 
• reweighting による 有効統計の著しい減少 

• そもそも DWF → OV 対応が良い領域と思われていたがそうでもない 
• 追跡必要 

• 手法 
• OV の近似の影響



展望
• Nf=2 の相転移の解明
• Nf=2+1 へ (ポスト京)

• Nf=3:   all degenerate  :   R-CCS 場の理論チーム中心に検討開始
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他のグループの研究纏め



Columbia plot: direct search of  PT / scaling
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1st order crossover

Nf=2+1  or  3 
• either 

• no PT found 
• 1st order region 

• shrinks as a→0
with both staggered and Wilson 

• or even disappear ? 
• for more information see eg 

• Meyer  Lattice 2015 
• Ding    Lattice 2016 
• de Forcrand  

“Surprises in the Columbia plot”  
(Lapland talk 2018)



Columbia plot: direct search of  PT / scaling

• 2nd order 
• improved Wilson 

• WHOT-QCD Lat2016  (O(4) scaling) 
• Ejiri et al PRD 2016 [heavy many flavor] 

• 1st oder 
• imaginary μ → 0 

• staggered   Bonati et al  PRD 2014 
• Wilson        Phillipsen et al PRD 2016 

By using this expression we can, for each value of the
bare quark mass amu;d, find the corresponding critical
value ðaμcÞ2. An example from our data is shown in Fig. 8,
where (at fixed bare mass amu;d ¼ 0.005) we scanned in
imaginary chemical potential using up to four different
volumes in order to identify the critical point and in all
cases we reached lattice sizes such thatmπL≳ 3 (in fact for
all but the lightest mass used we arrived to mπL≳ 4).
The fit is performed simultaneously on all the data
at different volumes and bð0Þ4 is fixed to its infinite volume
limit.
This procedure was carried out for six different values of

the quark mass and the results are shown Fig. 9. The quark
mass axis is rescaled with the appropriate critical exponent

in order to display the scaling and extrapolation more
clearly, as a straight line. Four data points accurately follow
the tricritical scaling curve, which can then be used to
estimate the position of the tricritical point “B” in the chiral
limit, for which we find the large positive value

!
μ
T

"
2

tric
¼ 0.85ð5Þ: ð8Þ

This definitely implies a first order behavior for the
two-flavor chiral phase transition on Nt ¼ 4 lattices. A
crude estimate (obtained by using the interpolating formula
for the masses of Ref. [58]) puts the critical pion mass
corresponding to the second order point at μ ¼ 0
to mc

π ∼ 60 MeV.

V. CONCLUSIONS

We have presented a new approach for the determination
of the order of the chiral transition for Nf ¼ 2 QCD, based
on the investigation of the phase diagram extended to
imaginary chemical potential. In this approach, the chiral
limit extrapolation is controlled and constrained by scaling
considerations which follow from the universal behavior
around a tricritical point. Present results show that, for
QCD discretized onNt ¼ 4 lattices with standard staggered
fermions, the transition is first order in the chiral limit. This
is consistent with some earlier lattice investigations [18]
and with expectations from the fate of the Uð1ÞA anomaly
using overlap fermions [59].
It should be stressed that the explored Nt ¼ 4 lattice is

quite coarse, corresponding to a ∼ 0.3 fm, and that results
for mcðμÞ on finer lattices are needed before a continuum
limit can be taken. For μ ¼ 0 it is known that the three-flavor
chiral first order region inFig. 1 (left) shrinks significantlyon
finer lattices [60] or with improved actions [61]. Therefore,
the issue about the presence of a first order chiral transition
for Nf ¼ 2 QCD in the continuum remains nontrivial.
We have shown that the proposed approach is able to

provide definite answers and constitutes a solid framework
for future studies on the subject.
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University of Frankfurt for providing computer resources.
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FIG. 8 (color online). Binder cumulant for fixed quark mass
(amu;d ¼ 0.005) as a function of imaginary chemical potential
and volume. The intersection signals the critical point.
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critical points, the line is a fit according to tricritical scaling Eq. (4).
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• Ejiri et al PRD 2016 [heavy many flavor] 

• 1st oder 
• imaginary μ → 0 

• staggered   Bonati et al  PRD 2014 
• Wilson        Phillipsen et al PRD 2016 

By using this expression we can, for each value of the
bare quark mass amu;d, find the corresponding critical
value ðaμcÞ2. An example from our data is shown in Fig. 8,
where (at fixed bare mass amu;d ¼ 0.005) we scanned in
imaginary chemical potential using up to four different
volumes in order to identify the critical point and in all
cases we reached lattice sizes such thatmπL≳ 3 (in fact for
all but the lightest mass used we arrived to mπL≳ 4).
The fit is performed simultaneously on all the data
at different volumes and bð0Þ4 is fixed to its infinite volume
limit.
This procedure was carried out for six different values of

the quark mass and the results are shown Fig. 9. The quark
mass axis is rescaled with the appropriate critical exponent

in order to display the scaling and extrapolation more
clearly, as a straight line. Four data points accurately follow
the tricritical scaling curve, which can then be used to
estimate the position of the tricritical point “B” in the chiral
limit, for which we find the large positive value
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This definitely implies a first order behavior for the
two-flavor chiral phase transition on Nt ¼ 4 lattices. A
crude estimate (obtained by using the interpolating formula
for the masses of Ref. [58]) puts the critical pion mass
corresponding to the second order point at μ ¼ 0
to mc

π ∼ 60 MeV.

V. CONCLUSIONS

We have presented a new approach for the determination
of the order of the chiral transition for Nf ¼ 2 QCD, based
on the investigation of the phase diagram extended to
imaginary chemical potential. In this approach, the chiral
limit extrapolation is controlled and constrained by scaling
considerations which follow from the universal behavior
around a tricritical point. Present results show that, for
QCD discretized onNt ¼ 4 lattices with standard staggered
fermions, the transition is first order in the chiral limit. This
is consistent with some earlier lattice investigations [18]
and with expectations from the fate of the Uð1ÞA anomaly
using overlap fermions [59].
It should be stressed that the explored Nt ¼ 4 lattice is

quite coarse, corresponding to a ∼ 0.3 fm, and that results
for mcðμÞ on finer lattices are needed before a continuum
limit can be taken. For μ ¼ 0 it is known that the three-flavor
chiral first order region inFig. 1 (left) shrinks significantlyon
finer lattices [60] or with improved actions [61]. Therefore,
the issue about the presence of a first order chiral transition
for Nf ¼ 2 QCD in the continuum remains nontrivial.
We have shown that the proposed approach is able to

provide definite answers and constitutes a solid framework
for future studies on the subject.
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screening mass from O(a) improved Wilson f Nf=2

• mass difference between π and δ
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Figure 13. Chiral extrapolation of ∆MPS in physical units in comparison to the zero temperature
pendant estimated as explained in the text. The red line and the associated red point at mud = 0
indicate the result from a linear chiral extrapolation.

where the factor 2 comes from the fact that we need to send the masses of two quarks

to zero. Using the numbers from the PDG [109] we obtain the final estimate mmud=0
a0 =

945(41)MeV. The error estimate follows from the uncertainties associated with the masses

of the a0 and the K∗
0 mesons. This is a rather crude estimate, but it is unlikely that it

underestimates the effect by an order of magnitude (even then mmud=0
a0 ≈ 600MeV, which

does not change the picture dramatically). Our final estimate for the chiral limit is

∆MT=0,mud=0
PS = −945(41) MeV . (3.9)

The width of the transition region must be taken into account when we extract an

estimate for ∆MPS from our simulations. We thus compute the difference from a fit to a

constant to the data points in the grey bands in figure 11. The spread of the results in

the region is taken as a systematic uncertainty on top of the statistical uncertainty of the

average. The results from this procedure are listed in table 5. Here we have also included

a result for scan B1κ to be able to perform a sensible chiral extrapolation. Unfortunately,

B1κ is not at fixed quark mass and thus remains longer in the vicinity of TC , since the

latter increases with the quark mass. This accounts for the rather large error bars for the

associated ∆MPS .

To perform the chiral extrapolation for ∆MPS we need to deduce its quark mass

dependence. Since the pion is a Goldstone boson, its mass is expected to be proportional

to
√
mud, at least at small temperatures, T < TC . On the other hand, the mass of the

scalar should depend linearly on the quark mass which might also be the case for the pion

at TC , where chiral perturbation theory breaks down. Given that we have only three data

points at our disposal with relatively large uncertainties, our data clearly does not allow

for a detailed investigation of the quark mass dependence of ∆MPS . We thus perform two

types of fits; (i) linear in mud, (ii) proportional to
√
mud. The results for the two different

types of fits including all three data points are listed in table 5. We see that both results

are consistent with zero within the relatively large error bars. As our final estimate we will

thus use the linear fit. The associated result is shown in figure 13. We have also checked

– 26 –

• Nt = 1/(aT) = 16      -  quite fine lattice

• T=Tc                       -  on top of transition temperature
only one existing study for Nf=2 

• ΔMPS = 0   (with a sizable error)  →  consistent with U(1)A  restoration

Brandt et al JHEP [1608.06882]



screening mass from O(a) improved Wilson f Nf=2

• mass difference between π and δ
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where the factor 2 comes from the fact that we need to send the masses of two quarks

to zero. Using the numbers from the PDG [109] we obtain the final estimate mmud=0
a0 =

945(41)MeV. The error estimate follows from the uncertainties associated with the masses

of the a0 and the K∗
0 mesons. This is a rather crude estimate, but it is unlikely that it

underestimates the effect by an order of magnitude (even then mmud=0
a0 ≈ 600MeV, which

does not change the picture dramatically). Our final estimate for the chiral limit is

∆MT=0,mud=0
PS = −945(41) MeV . (3.9)

The width of the transition region must be taken into account when we extract an

estimate for ∆MPS from our simulations. We thus compute the difference from a fit to a

constant to the data points in the grey bands in figure 11. The spread of the results in

the region is taken as a systematic uncertainty on top of the statistical uncertainty of the

average. The results from this procedure are listed in table 5. Here we have also included

a result for scan B1κ to be able to perform a sensible chiral extrapolation. Unfortunately,

B1κ is not at fixed quark mass and thus remains longer in the vicinity of TC , since the

latter increases with the quark mass. This accounts for the rather large error bars for the

associated ∆MPS .

To perform the chiral extrapolation for ∆MPS we need to deduce its quark mass

dependence. Since the pion is a Goldstone boson, its mass is expected to be proportional

to
√
mud, at least at small temperatures, T < TC . On the other hand, the mass of the

scalar should depend linearly on the quark mass which might also be the case for the pion

at TC , where chiral perturbation theory breaks down. Given that we have only three data

points at our disposal with relatively large uncertainties, our data clearly does not allow

for a detailed investigation of the quark mass dependence of ∆MPS . We thus perform two

types of fits; (i) linear in mud, (ii) proportional to
√
mud. The results for the two different

types of fits including all three data points are listed in table 5. We see that both results

are consistent with zero within the relatively large error bars. As our final estimate we will

thus use the linear fit. The associated result is shown in figure 13. We have also checked

– 26 –

• Nt = 1/(aT) = 16      -  quite fine lattice

• T=Tc                       -  on top of transition temperature
only one existing study for Nf=2 

• ΔMPS = 0   (with a sizable error)  →  consistent with U(1)A  restoration

Brandt et al JHEP [1608.06882]U(1)A 回復と無矛盾とはいえ 
あまりにもエラーが大きい 

ex: ΔMPS=300 MeV とも無矛盾



QCD 有限温度相転移の理論: Nf=2+1 Lattice

• Columbia plot によらない解析


• mud, ms を固定し、温度だけを変える: 1 parameter (+ 連続極限) : 楽


• 物理点より重いクォークの計算から外挿


• 物理点直上の計算


• こちらが主流


• 直上: クロスオーバー    Aoki, Endrodi, Fodor, Katz, Szabo (2006)


• スタッガードクォークで連続極限


