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HALQCD % [Aoki,Hatsuda, Ishii,PTP123(2010)89]
& Nambu-Bethe-Salpeter (NBS) ;X ENREI%k ° /

(O|T [N(xX)N()]| N(+k)N(=k),in)

'k +k
& S-matrixEDBE{R (by LSZ reduction formula)

Bosonic notation
to avoid lengthy notations.

(N(p,)N(p,),out|N(+k)N(=k),in)

connected

=(izy?) [d*xd*x, e (O +m3 )™ (O, +m3 )(0|T [N (o )N () | NCGHON (=k),in)

& FIRFZINBS & EhRE %k
[C.-).D.Lin et al.,, NPB619,467(2001).]

Y= )= lim Z (0T [N(F,x)N (5.0 | NHON (—k),in)

=Z;'(0|N(%,0)N(3,0)| N(+k)N(=k),in)
_ otk sin(kr+6(k)) .
kr

<*non-rela. EFNFEOEELEEIRE# &2 <REICEA %

. as r= |5c’ — §| — large (for S-wave)




HALQCDE  RTFUIYILDESE

\ 4G

T

FZI NBS JREIRE# CTART

(k> /my—H, )y, (F)= | &

2my +m

for 2\/m]2V +k’<E, =2m,+m_

‘/9—‘(})[,&%% | nelastic region

UG W) e

@ U(r,r’) [L. E-indep. (One can prove its existence.)

\ 4

T

Gl BFZINBS K BB # %

T BHEIITRTE,

QU(r,r) . BRELLIFEE 6(k) [CH3E,
(C"NBSR BB EFBFC. fEELHE D)

s sin(kr+68(k))

l//k(i_y):e

kr

+--+ as r=|x—y| — large



HAL QCD & )

‘ grO un d State Satu ratio n Spatial momentum is discretized

due to the periodic BC.

C(t)= icn exp[—Ent] ~ C, exp[—Eot]
"= t> X

— &I, ZRIFTRHKE D LM

1 (27
AE:EnH_E ~ ( ﬂ)

n
mN

— O(I/Lz) L =L, L=2%L,
| [1=3fm |L=6fm [L=0fm |L=12fm |

AE 181.5MeV 453 MeV 20.2MeV 11.3 MeV I




HAL QCD j%: IRT v IILDIRTE 7
FIEEREBAVEL>TH, ELKRTU Vv ILERHNDS,

[Ishii et al.,PLB712(2012)437]

& E%: R-correlator
RG—F.1)= ™" <O‘T [ BG.OB(G.1)-BB(=0)] 0>
= ZI//kn (55 o 5;) . eXp(_(En o 2m)t) ) an Inelastic region

sz +m

@ HAL QCD pot. HY. E-indep.[Z Schrodinger eq.Zi#1-=9 &% F| I e TeziE
2my,
(~H,+K Im)y, ()= [dr'VFE )y,

> time-dependent Schroedinger-like eq.

—H + 1 o — L R(7 t)—JdSr'V(F FOR(F 1)
° 4mor* ot e ’ ’

@ Elastic saturation 12 (ThY, HE LS,
(Ground saturation D WA E[F7ELN 1)

@ Elastic saturation [ . ground state saturation.& Y1 EHZH,




HALQCD & )
& =41 iR ENRECO>TLTEH, RTUIvIbiLuniquel2RES !

(0| TIN(F,0)N(3,t)- NN (1 = 0;0:)] | 0) Ve(®)
=2V, (F=7)-a,(0)-exp(-E,1) __HR@X) @/nREX) 1 (3/9) Rt,%)

R(t.%) R(.,%) 4m,  R@,%)
6e-22 ' 40 [ | | | | >
5022 [ %0 F \ 1S, central potential E

: ] 20 F at LO of deriv. expansion -

49'22 '_ ++i;;§ s Lol ~ S —' E
N RE FIRCIREE DB EAZT
¥ WANWAEZTHD, |
2e-22 - t=9 1
1e-22 [ a=0.16 ——
r o=0.08 —— 1
0’....|....|....|...°‘?°r°9ﬁ’._|'
0 0.5 1 1.5 2 25

r [fm]

r [fm]

Good agreement !

source BE#%K: =>» Our method works !
f(x,y,2)=1+« (cos(27rx / LY+cos(2ry/ L)+cos(2rz / L))




HAL QCD;%

®HALQCD::E &  Luescher BHRAFEEDHE

BELGIAEZE (nn(1=2) )

0
2t
i
i \
6| \
8|
% s ~ V=(1.84 fm)° —=—i
12 | V=(2.76 fm)° ——=—
21 V=(3.7 fm)® e
-14 | V=(5.5 fm)® —=—
-20 i 1 1 1 1 Il L 1
0 50 100 150 200 250 300 350 400
EcmMeV]

Ns=16,24,32,48, Nt=128, a=0.115 fm.
m,; = 940 MeV by Quenched QCD

[Kurth et al., JHEP 1312(2013)015.]
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¢ ELNIA—VMEENNEIED. KR

[T.Doi, PoS LAT2012,009]

viLis & EfFEE OF—H

”dl neutron

50

Fukuglta etal., Nf=0,

NPLQCD, mlxed
40 Aoki et al., Nf=0,
NPLQCD,
30 HALQCD,

Nf=3, V(c-o) 24 '—l—'
NPLQCD,

Niz3,  Vpoy
20 ¢ HALQCD,
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EXP. X ]
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[ |
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| W 'PAcs-cs

[2] —o— ]
[3] —— ]

Yamazaki et al., Nf=0, V(<) [[7} —h— ]
Nf=2+1,V(=) [11] —8— ]

Yamazaki et al., Nf=2+1, V(=) [8] r—o—- 1

g0 - e ]

€ PACS-CS Coll. & NPL QCD Coll.
& 15,835, EBEHH5|7

o 15, &3S, EELICHHRFKEHY

< smearing sourcexFERALT-
E &

”deuteron

50 T
Fukugna etal., Nf= 0 [2] ¥—— ]
NPLQCD, mixed, [3] —— ]
40 3 Aokietal,  Ni=0, [15] ]
S Yamazaki et al., Nf=0, V(e) [7] et ]
1 NPLQCD, Nf=2+1, V(=) [11] —6— ]
30 HALQCD, Ni=3, v (=) [24 + ]
NPLQCD, Nf=3, Vo [13 ]
20 [ Yamazaki et al., Nf=2+1, V(=) [8] v—o—- 1
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10 .
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7_:7_-?/:/"(')[/5%&_5._%5% [T.Iritani@LATTICE2015]
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7I'\T/~/—v}lz;ii (HAL QCD ,ii) '—Eﬁ:\
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Fig. Yamazaki et al. '15

Yamazaki et al., PRD86,074514; PRD92,014501¢& <RI —ERAIZE ALNA,

volume conf. smared src. meas. wall src. meas.

403 x 48 200 192 48
483 x 48 800 256 48
643 x 64 327 48 32

Table: Lattice configurations (we mainly use 483 x 48 volume)

m_=0.51GeV, m, =1.32GeV,m, =0.62GeV,m- =1.46GeV
O #ETOERHIZKLY. == channel £



T LR EE [T.Iritani@LATTICE2015]  (13)
@ R-correlator ¥, LEERDEZTIES

R(F,)=C..(7,t)/ C.(t)’
O BEEZE

R(t)=) R(F,t)=) b exp(-AEt)= AE=E

O RFoiviLis

\I

—2m-

[1]
[1]

182 a 3.7 = =/
(4mat2—at—HjR(rt) [&rv(E 7RG 1)

O R(r,t): smearing src. €= wallsrc.

=13 @ smearing source:

t=12 —— tEEHIZ. BHREDS,

wall src.: t =13

€ wall source:

tHRFIEIE. (FEALTELY,

wall src.




7'{’7_-‘/3/—‘9)[,555&'5:%5; [T.Iritani@LATTICE2015] (14)
& Effective mass plot (wall src. v.s. smr. src.) AE__ =FE__ —2m_

2 L & o
Rt)=C__(t)/C.(z)" ®wwwsp = "
- o] @
» S O gﬂ D __
OPlateauxH 2D (sourcelZ{&k7F) E ]
d s K
Wigded ., Ebbhidfake ! < ]
(EBDE fakeDETREE L HY)) 0 Lpeatd Sxe
< 2 —- 5
O7nFERE(C(?)and C. (1) )ZRIRICRS :
- st smearing source wall source
o = 0@ | | 2940 wall src. 5 —e—
° et ¢ wall src. ==5('s,) —a— b
?;Q)H 2930 | %%z?méﬂ’%ﬁm . 2930 | 0 1
é T 2920 @%@%%% ¢ 2920 ﬁﬁ
v © 2910 | 1 2910 | ﬁ 1
O X~ 2900 1 2900 | 0
é’ 1] Smeaied:s:rc‘_. = —e— %
Q O 2890 smeared src. =Z(7Sy) —&— - ‘ .
5 10 15 20 5 10 15 20

O 50t ikRETHERINTLVS,
O oD FEFIBTHELT, EOZD0 plateau HABIDALEIZH S,
O EDground state sat.[&, 73 FER B DEIEF plateau = t 216 at least



- - Ari i (19)
7 \T‘/“/'V)l/lfkﬁﬁlf [T.Iritani@LATTICE2015]
@ time-dep. ;EICKBRTUIVIL
wall src. smeared src.
o | P 150 f
i 100 | *
B : so b LG
> > 3
5o g0
= > 5o f
-100 f
_50 L 4
. . . , total. ™~ -150 ¢t . . . .
0 0.5 1 1.5 2 2.5 3 3.5 0 0.5 1 1.5 2 2.5 3 3.5

r [fm] 11/ r [ fm]

@ time-dep. FEMNOFEHEBEL TLVS
HR(7,t) (0/90R(F 1)  (9/d1) R(F 1)
R(F 1) R(F.1) 4mR(F 1)

O wall Src.:
=DNEMNELEHI-T, total result.

V(F)=-

0 smearing src.:
= DDIEMNFHIIZF v ILL T, total result.




RToovIViREEREE

@ smearing source & wall source DIRTU ¥ IL

*

[T.Iritani@LATTICE2015]

48x48 E=('s,) t=11 a8x48 Z=('sy) t=15
a0 } exp.src: t = 11 . | a0 + exp.src: t = 15
wall.src: t = 11 — wall.src: t = 15
20 | G

20 }1
I

Ve [MeV]
N
o o
V. [MeV]
o

_20 L
-40 | - ~40 |
0 0.5 1 1.5 2 2.5 3 3.5 0 0.5 1 1.5 2 5 3 3
r [fm] r [fm]
DLEWDHS,
potential from wall src. 1 t IRTEMELL

potential from smearing src. : t {&KFEHY
t-> K T. smearing src. DFER(L. wall src. DFERITIETL.

ZDEWE. #59BBD NLO [ZXBHD (& NEXT SLIDE)
UG 7Y =(V,(F)+ VPV +--)8°(F =)

(16)



RToIvIVELEREE [T.Iritani] Y
@ LOENLO DREE( Tt Tomew DT —FDND)
2
V(”,V):VO(’”)"'Vl(”)V , S
Vy(r) 22('Sy) MeV] V(1) Z2('S,) MeV] E & g_\s
% o ' ' ' 400 | ' ' ' . ] i S v
60 | LO 200 f NLO &R %E}JQ
ol I g ¥
ol G
: -400 } 12 M -A\
0r ¢ i E UJI'-'J _Y, "‘J
s 600 | E oy G
20 | 800 | Jr+Jr ~ 'I:E? :,\ _%
-40 | . . . . _ -1000 | Wf. 7 = |'|'\\ Il‘
0o 05 1 1.5r[fm] 2 25 3 35 05 1 N C Y,

& LLE:

Vwall(r) ’ VLO(r)' Vsmear(r)

V() 22('S,) [MeV] ‘ Vl(r) (i#':vzt;i\ [:ﬁhé .
I I s > ET AL F—RETHES LI,
or ZDt=8.
22 v Vi (1) =V, (1)
2 smear(r) — Wall(l_;) = VO (}7)
o as t — large

r [fm]




RToovIViREEREE

[T.Iritani@LATTICE2015]

O RTUIvIVER & “EBEER M. consistentTHSE,

e: E=('sy)

12

i 64> x 64 @ t =
40 ;
40° x 48 @ t = 12
487 x 48 @ t = 12

20 ‘

0 1 —
_70 L 4

_40 -

Ve [MeV)

0 0.5 1 1.5 2 2.5 3 3.5
r [fm]

O LQCDTHEo 1= potential Ve~ (F)
=>» finite volume Schroédinger eq.
=» eigen modes.

[Charron for HAL QCD Coll., arXiv:1312.1032]

O “wall src.” AE & consistent 755 R

-2.25(1.28) MeV @ 483x48

(18)

AE

-10

wall.src.
' exXp.src.

20
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Yo )Lk EE

SIRFULNLE & EER

40

20

0

Ve [MeV)

_70 L

_40 -

rce: ZZ("Sy)

|

64° x 64 @ t = 12

4o§x48@t=12
48° x 48 @ t = 12

0

0.

5

1 1.5 2 2.5 3 3.5
r [fm]

[T.Iritani@LATTICE2015] (19)

M. consistent THAE,

OVolume extrapolation = no bound state.

5 0
energy eigenvalues o
vol. E(gs.) [MeV] E(1st) [MeV] |
40° —4.55(1.18)  75.63(1.31) o
483 —2.58(22)  52.87(33) “502 |
64° —1.13(9) 28.71(9) {;;_10 | potential nﬁgggt —e—

0.0x10° 5.0x10° 1.0x10° 1.5x10> 2.0x107
L3
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Large t (B CODIRSE [T.Iritani]

QL0 RTUIvIILEFEI-HRIAFED Schrodinger eq.
(Weuse V., (F)=V,(F))

(21)

->

Energies and N ENESES
AE, v, (X)

n-th AL AE, [MeV] oz} mal
0 -2.58(1)
1 52.49(2)
2 112.08(2) 0.01 |
3 169.78(2)
4 224.73(1) 0

Table: 483 x 48 wall source @ ¢t = 12

001 b
0 5 10 15 20 25 30 35 40

r

45



Large t BN COHIRE - (22)
@ R-correlator D AR )L 577 £ J =T varr Jexp

R()_é’t;j):Zan(j)'llfn(f)eXp(—AEnt) [T.Iritani ]
with ’ W (xX):left eig. vec. of H

a,(J)=exp(AE) YW, (DRE.6T)

€ smearing source € Wall source
3.0E-03 : : - . 102 : : :
smear @ t = 12 —— wall @ ¢t = 12 ———
2.5E-03 | t =13 —=— | 10-2 t =13 ——
t = 14 —e— = 14 —e—
2.0E-03 | - .
% :: 10 3
3 1.5E-03 | . %51075_ .
1.0E-03 |, . - ¢
] -6 |
5.0E-04 | | 10
: : : : 1077 ' ' ' ' —
0 50 100 150 200 250 0 50 100 150 200 250
AE, [MeV] AE, [MeV]
€ Main contribution € Main contribution
FERORERENDS EERENS

< a, D tIRFHEHL/NELY 2 decompositionHIFELLIDTLNVS



Large t fHIBL CHDIRSE

®E:

& Large t FEIEk D Effective energy plot (B

AE (1) [MeV]

EED R(t) BB
R(t;.T) = ZR(fc,r;j)

= Z b,(J)exp (—AEnt)

b,(T)=a,(T)2W,(3)

wall w/t = 12 data
smeared w/ t = 12 data
direct calc. wall src.
smeared src.

AE,(t) [MeV]

]
[N

S oA N O N A

[T.Iritani] (23)
smear @ t = 12 —Ml—
1E+00 | wall @ t = 12 —@— -
1E-01 | =
18-02 | -
o ®
< 1E-03 |
= ° '
1E-04 |
1E-05 }
1E-06 | T
1E-07 L : : : :
0 50 100 150 200 250
AE, [MeV]

ERSNT=R@H)DD)

- smeared w/ t = 12 data —=—

svall w/ t = 12 data —e—

dir€ct cegc. wall src. —&—
smeared src. —o—

m

m%;mm1@§%++ogooo?

Z00M

itk

5 10 15
t /a (lattice unit)



F=EH

& multi-nucleonZ& TlX. plateauDBEIEICHIDDEENNE,

O £<® cancellationh¥ > TULVT. fake plataux A H 9L,
O (RTivILiEDtime-dep. ED L) FANGET IV IERFET RETHDS,

‘u——: s“ _V)l, f” & “Ei&;ﬁ" [j: consistent -—C:%%)o

Pot. with wall src.
A

» |Direct with wall src.
Finite vol. AE B IH A

t-dep. method with

Co
-
NLO potential Ticy Fake plateaux

\4

V
Pot. with smear src.

Direct with smear src.

OEENT—H--T-EDXREADERHIZ.
[smearing srcZ £ A L 1= [E 8% [ systematic uncertainty A KZ L |
> INGE.RBRDFIVIZAZITITOLENDH D,

S MDHEIZKSEREDLLE

& ftiDsource DFEREDLLEL
This appliesto (i) Yamazakietal. &

(ii) NPLQCD



backup




HALQCD method

@ Proof of existence of E-indep. U(r,r’)

€ Assumption:

Linear indep. of NBS wave func’s for E < Eth.

=» Dual basis exists

[dry (), (F)= @Ry S F =F)  mons

@ Proof:

K (F)= (k) my — H, )y (F)
&’k
2ry

K (")=|

(2)

—

Inelastic region

I Elastic region
2my,

K () [dr v o (F)w (F)

- d3r'{ [k 3K,;,<f)i/?,;,<f')}w];<f')

Ak’ o~
(271_)3 K]g'(r)l//];'(r)

U(F,F)= j

(K2 /my = Hy )y o (F) = [ UG (7)

U(r,r’) does not depend on E
because of the integration of k.




HAL QCD method [Murano et al., PTP125(2011)1225]  #7)
@ General nonlocal potential is incovenient =» derivative expansion:
VFEV)=V(r)+ V(DL +{V_(r),V’}+0(V?)

O(V;;tem
€ The convergence of deriv.exp. isfoundtobe good !

[Strategy to check]

O We define ~ SKIP) r 1 ' mex
500 |* eV| —— |
Vo(F:E)= E- D) o0 0y
O If V.(r;E) agrees in the region E, < E < E, . 0 f- M
(1) We can identify 2001 o -
~ — « 5ol : .
Vo(r)=V.(r;E) N \ 0 1 2

(2) O(V?2)-term is small

V(FE V)=V (r) + O i

good agreement ! = good convergence

Comment: The current result is obtained based on an older method.
The result should be replaced by the new method. “time-dependent” Schrodinger-like eq.



