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Introduc.on	
	

Why	Tensor	renormaliza.on	group	
instead	of	Monte	Carlo	method?	



LaZce	QCD	by	MC	simula.ons	

play	crucial	role	in	Hadron	spectrum	and	T≠0	QCD	
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Limita.ons	and	problems	in	MC	

n  Light	quark	mass	simula.on			Solved!	
new	algorithm	&	improvement	of	ac.on	

n  Cri.cal	slowing	down	
con.nuum	limit	=	cri.cal	point	

n  Sign	problem	(complex	ac.on	problem	)	
MC	cannot	be	applied	if	Boltzmann	weight	is	complex	number	

1
Z det D[U ]e�SG[U ] � C



n  QCD	with	finite	quark	density	
n  EOS	in	core	of	compact	stars	

n  LaZce	chiral	gauge	theory	
n  Simula.on	of	weak	interac.on	(SM)	

n  LaZce	SUSY	
n  not	sure	it	exists	but	may	be	interes.ng	
n  Dynamics	of	SUSY	breaking	

n  θ	term	
n  Strong	CP	problem： Dynamics	in	the	presence	of	θ-term	is	
important	
	

	

Examples	facing	the	sign	problem	



n  Taylor	expansion	
Can	capture	phase	transi.on	(non-analy.c	phenomena)?	

n  Phase-reweigh.ng	
harder	for	larger	volume	

n  Pure	imaginary	parameter（imaginary	μ,	θ）	
applicable	range	of	analy.c	con.nua.on	

n  Complex	Langevin	
Convergence	?	

n  Lefschetz	thimble	
Difficult!	(at	least	for	me)	

	

Approaches	within	MC	framework	



n  Taylor	expansion	
Can	capture	phase	transi.on	(non-analy.c	phenomena)?	

n  Phase-reweigh.ng	
harder	for	larger	volume	

n  Pure	imaginary	parameter（imaginary	μ,	θ）	
applicable	range	of	analy.c	con.nua.on	

n  Complex	Langevin	
Convergence	?	
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Approaches	within	MC	framework	

Go	beyond	M
onte	Carlo	m

ethod!	



Tensor	Renormaliza.on	Group	

n  Good	:	No	sign	problem	
n  Bad	:	Higher	dimensional	system	is	s.ll	hard	

Algorithm	to	compute	par..on	func.on	
of	laZce	model	approximately	w/o	
relying	on	probability	

Levin	&	Nave	2007	

for	classical	sta.s.cal	system	or	quantum	
system	in	path-integral	representa.on	

(TRG)	

see	later	



TRG	for	2D	Ising	model	



①  Rewrite	Z	in	tensor	network	representa.on	
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Procedures	of	TRG	

New	degrees	of	freedom	Spins	
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will	be	explained	soon	

site：Tensor	T	
bond：index	i,j,k,l,…	



Procedures	of	TRG	

T
T (1)

Blocking	of	Tensor	(like	spin-blocking)	

•  extrac.ng	important	informa.on	numerically	
•  selec.on	of	informa.on	introduces	approxima.on	

①  Rewrite	Z	in	tensor	network	representa.on	
②  Coarse	graining	Tensor	



Procedures	of	TRG	

①  Rewrite	Z	in	tensor	network	representa.on	
②  Coarse	graining	Tensor	
③  Repeat	the	coarse	graining	and	then	reduce	the	

number	of	tensors,	finally	compute	Z	by	contrac.on	
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T (1)T



Procedures	of	TRG	

①  Rewrite	Z	in	tensor	network	representa.on	
②  Coarse	graining	Tensor	
③  Repeat	the	coarse	graining	and	then	reduce	the	

number	of	tensors,	finally	compute	Z	by	contrac.on	
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①	Tensor	network	rep.	
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3)  Integrate	out	old	d.o.f.	
(spin	variable	s)	

4)  Get	tensor	network	rep.	!	

Basic	procedure	is	common	to	fermion/gauge	system		

1)  Expand	Boltzmann	weight	as	in	High-T	expansion	
2)  Iden.fy	integer,	which	appears	in	the	expansion,	as	

new	d.o.f.		→		index	of	tensor 
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①	Tensor	network	rep.	

nearest	neighbor	pair	
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①	Tensor	network	rep.	

New	d.o.f.	

V =	#	of	laZce	sites	
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Spin	sum	can	
be	done	

New	d.o.f.	:	index	of	tensor	= Tixyixzixwixv



①	Tensor	network	rep.	
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①	Tensor	network	rep.	
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transla.onal	invariance	
⇳	

all	tensors	are	common	

Key	points	

local	interac.on	
(nearest	neighbor)	

⇳	
network	(nearest	neighbor)	



①	Tensor	network	rep.	

n  So	far,	we	have	just	rewriten	Z	
n  Next	step	is	to	carry	out	the	summa.on	
n  But,	naïve	approach	costs	∝	22V	
n  One	has	to	reduce	the	cost	and	introduce	approxima.on	

but	wants	to	keep	an	efficiency	by	summing	important	
part	in	Z	

Z =
�

..,i,j,k,l,m,n,o,..

· · ·TijklTmnio · · ·



①	Tensor	network	rep.	

n  So	far,	we	have	just	rewriten	Z	
n  Next	step	is	to	carry	out	the	summa.on	
n  But,	naïve	approach	costs	∝	22V	
n  One	has	to	reduce	the	cost	and	introduce	approxima.on	

but	wants	to	keep	an	efficiency	by	summing	important	
part	in	Z	

Z =
�

..,i,j,k,l,m,n,o,..

· · ·TijklTmnio · · ·

Coarse	graining	(renormaliza.on,	blocking)	



②Coarse	graining	

n  Decompose	tensor	&	extract	important	part	=	
compression	of	informa.on	&	emergence	of	new	
d.o.f.	

n  Making	new	tensor	by	combining	the	compact	
tensors	=	contrac.ng	old	d.o.f.	

n  By	repea.ng	the	decomposi.on	and	contrac.on,	#	
tensors	can	be	reduced	

n  Awer	decreasing	#	of	tensors,	Z	can	be	computed	
easily	=	③	

Direc.on	 assuming	transla.onal	invariance	&	local	interac.on	



②Coarse	graining	
Decomposi.on	of	tensor	 New	d.o.f.	

T
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Singular	value	decomposi.on	(SVD)	
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②Coarse	graining	
Decomposi.on	of	tensor	
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m

New	d.o.f.	

�1 � �2 � ... � 0

Dcut-truncated	matrix	is	the	best	approxima.on	among	all	rank-Dcut	matrices	

approx.	

u, v : orthogonal	matrix	

Tensor	(matrix)	is	approximated	by	low-rank	tensor	=	informa.on	compression	

:	singular	value	
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②Coarse	graining	
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②Coarse	graining	
Making	new	tensor	by	contrac.on	
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integrate	out	old	d.o.f.	

all�
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=	

Renormaliza.on!	



Taking trace of this tensor�

by	H.	Kawauchi	(Kanazawa	U.,D1)	



Hierarchy	of	singular	value	

•  Off	cri.cality:	good	hierarchy	(small	S)	
•  Near	cri.cality:	hierarchy	gets	worse	(large	S)	

Tc = 2/[ln(1 +
�

2)]
= 2.269...
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T=1.70  L=32
T=1.70  L=1024
T=2.27  L=32
T=2.27  L=1024
T=2.70  L=32
T=2.70  L=1024

like	cri.cal	slowing		
down	in	MC	

S = �
�

i

�̃i ln �̃i

normalized	singular	value	

Tensor	network	renormaliza.on	(TNR)	Evenbly&Vidal		2014	can	cure	the	situa.on	

Dcut=32	

Entanglement	entropy	

2D	Ising	model	
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Dcut=16

Dcut-dependence	of	Specific	heat	
Tc=2.269…	

L=128	

For	larger	Dcut,	transi.on	T	is	closer	to	the	exact	Tc	

C =
1
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numerical	deriva.ve	



Large	volume	

Dcut=32	
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L=4
L=16
L=64

L=1024

one-day	work	by	using	this	MacBook	Air	

Cost	∝	log(LaZce	size)	×	(Dcut)6	×	[#	temperature	mesh]	

Tc = 2/[ln(1 +
�

2)]
= 2.269...



Status	of	numerical	study	of	TRG	

n  2D	system	
n  Spin：Ising	model	Levin	&	Nave	2007,	X-Y	model	Yu	et	al.	2013,	O(3)	

Judah	et	al.	2014	
n  Scalar：φ4	theory	Shimizu	2012	
n  Gauge	+	Fermion：QED2	Shimizu	&	Kuramashi	2013	
n  QED2	+	θ： Shimizu	&	Kuramashi	2014	
n  Finite	density：Gross-Neveu	model	ST	&	Yoshimura	2014	

n  Higher	dimensional	system	
n  Higher	order	TRG(HOTRG):	new	coarse	graining	method	
applicable	for	any	dimensional	system	

n  3D	Ising	：Xie	et	al.	2012,	4D	Ising：Yoshimura	et	al.,	2015	
n  Specialized	to	Gauge	theory	

n  Decorated	tensor	network	renormaliza.on:	Witrich	et	al.	2014	



n  Density	matrix	renormaliza.on	group	(DMRG)	White	1992	

n  Varia.onal	method	to	obtain	ground	state	in	1D	quantum	sys.	
n  By	selec.ng	GOOD	basis	using	SVD,	one	can	dras.cally	reduce	
the	#	of	data	O(2N)→O(N),	N:#	sites	(informa.on	compression)	

n  Target:	Wave	func.on	(in	Tensor	network	representa.on)	
n  Before	this	appears,	limited	to	N=30.	But	DMRG	enables	N=100	

n  Tensor	renormaliza.on	group	(TRG)	Levin	&	Nave	2007	
n  Target：Par..on	func.on	of	classical	Stat.	system	

n  Express	par..on	func.on	in	tensor	network	rep.,	compress	
tensor	by	using	SVD	and	coarse	graining	tensor	

n  In	2D	system,	very	powerful	

Historical	background	

|�� =
�
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�s1,s2,....,sN |s1� � |s2� � · · · � |sN �

s1 s2 sN

Matrix	product	
state	(MPS)	

s1 s2 sN

Tensor	network	rep.	of	wave	func.on	

· · ·

· · · · · · · · ·

As : d� d matrix

2N	elements	

2Nd2	elements	

tr [As1
1 As2

2 · · · AsN
N ]
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Historical	background	
n  Density	matrix	renormaliza.on	group	(DMRG)	White	1992	

n  Varia.onal	method	to	obtain	ground	state	in	1D	quantum	sys.	
n  By	selec.ng	GOOD	basis	using	SVD,	one	can	dras.cally	reduce	
the	#	of	data	O(2N)→O(N),	N:#	sites	(informa.on	compression)	

n  Target:	Wave	func.on	(in	Tensor	network	representa.on)	
n  Before	this	appears,	limited	to	N=30.	But	DMRG	enables	N=100	

n  Tensor	renormaliza.on	group	(TRG)	Levin	&	Nave	2007	
n  Target：Par..on	func.on	of	classical	Stat.	system	

n  Express	par..on	func.on	in	terms	of	tensor	network	rep.,	
compress	tensor	by	using	SVD	and	coarse	graining	tensor	

n  Very	powerful	in	2D	system.	Comparable	to	MC	or	more	



MC	 TRG	
Boltzmann	weight	is	
interpreted	as	probability	

Tensor	network	rep.	of	par..on	
func.on	(no	probability	
interpreta.on)	

Importance	sampling	
	

Compression	of	tensor	by	SVD	
	

Sta.s.cal	errors	 Systema.c	errors	

Sign	problem	may	appear	
	

No	sign	problem	
∵	no	probability	

Cri.cal	slowing	down	 Efficiency	of	compression	gets	
worse	around	cri.cality	



Numerical	aspect	of	TRG	and	Task	

n  Main	computa.on（For	HOTRG,	n-dim	system）	
n  Decomposi.on　⇒　SVD(EVD)：O(Dcut

6)	
n  Contrac.on　⇒　matrix-matrix	product：O(Dcut

4n-1)	

n  Memory	
n  #	elements	of	tensor：O(Dcut

2n)	
n  internal	d.o.f.	⇒	more	memory	

Hot	spot	



Numerical	aspect	of	TRG	and	Task	

n  matrix-matrix	product：Level	3	BLAS　≫　SVD	
n  Beter	coarse	graining	with	small	Dcut	(highly	compression)?	

n  Main	computa.on（For	HOTRG,	n-dim	system）	
n  Decomposi.on　⇒　SVD(EVD)：O(Dcut

6)	
n  Contrac.on　⇒　matrix-matrix	product：O(Dcut

4n-1)	

n  Memory	
n  #	elements	of	tensor：O(Dcut

2n)	
n  internal	d.o.f.	⇒	more	memory	

Hot	spot	



Improvement	of	Coarse	graining	
n  Tensor	Entanglement	Filtering	Renormaliza.on		

Gu	et	al.	2009	
n  Removing	short	range	correla.on	(par.ally)		
n  works	in	off-cri.cality	but	not	near	cri.cality	

n  Second	TRG	Xie	et	al.	2009	
n  Op.miza.on	including	environment	(TRG:	locally	op.mal)	
n  works	in	off-cri.cality	but	not	near	cri.cality	

n  Tensor	Network	Renormaliza.on	(TNR)	
Evenbly	&	Vidal		2014	
n  First	remove	short	correla.on	(entanglement)	by	using	
disentangler,	and	then	coarse	graining	is	performed	

n  Even	around	cri.cality,	sustainable	coarse	graining	is	realized	



Tensor	Network	Renormaliza.on		
Evenbly	&	Vidal	2014	
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Tensor	Network	Renormaliza.on		
Evenbly	&	Vidal	2014	

=	 ≈	

A(s)

u†

u
w†

w

disentangler	(unitary	matrix)	

isometry	

� =u	&	w	are	determined	
such	that	δ	is	minimized	

O(Dcut
7)	for	TNR	

O(Dcut
6)	for	TRG	

Cost:	



Tensor	Network	Renormaliza.on		
Evenbly	&	Vidal	2014	

=	 ≈	
=	

=	

Contract 

≈	

Singular value 
decomposition 

Contract 

A(s)

u†

u
w†

w

A(s+1)

disentangler	(unitary	matrix)	

isometry	



Tensor	Network	Renormaliza.on		
Evenbly	&	Vidal	2014	
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Hierarchy	for	TNR	is	robust	even	awer	several	itera.ons:	
TNR	is	a	sustainable	coarse	graining	



Why	TNR	works	 Evenbly	&	Vidal	2014	

=	=	

short-correla.on	represented	by	CDL	remains	

TRG	with	Corner	Double	Line	tensor	

A	role	of	disentangler	

=	=	 u†

u

short-correla.on	can	be	removed	



Summary	
n  No	sign	problem	in	TRG	
n  Key	of	TRG:	informa.on	compression	using	SVD	
n  Inefficient	around	cri.cality	
n  But,	Tensor	Network	Renormaliza.on	(TNR)	can	
solve	the	problem.	An	extension	to	higher	
dimensional	system	is	s.ll	missing	

n  In	any	case,	TRG	is	very	powerful	in	low	(2D)	
dimensional	system		

	



Future	prospects	
n  Long	way	to	4D	QCD	(+μ&θ)	

n  Higher	dimensional	system	(4D	system)	
n Cost：O(Dcut

15),	Memory：O(Dcut
8)	

n efficient	paralleliza.on?	
n TNR?	

n  Non-Abelian	gauge	theory	
n Character	expansion	⇒	Tensor	network	rep.	is	OK	but	
internal	d.o.f.	is	huge	

n  Low	dim.	system	suffering	from	the	sign	problem	?	
n  2D	CP(N-1)	+	θ:	Strong	CP	problem	2015	Kawauchi&ST	
n  LaZce	SUSY,	LaZce	chiral	gauge	theory	



Applica.on	to	finite	fermion	density	
system:	Gross-Neveu	model	



2D	Gross-Neveu	model	
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2D	Gross-Neveu	model	

LaZce	
Wilson	fermions	
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2D	Gross-Neveu	model	

L = �1
2

2�

�=1

�
eµ��,1 �̄n(1� ��)�n+�̂ + e�µ��,1 �̄n(1 + ��)�n��̂

�

+ (m + 2)�̄n�n �
g2

2
�
(�̄n�n)2 + (�̄ni�5�n)2

�

1:temperature	

2	
n n + 1̂n� 1̂

e�µ�̄n(1 + �1)�n�1̂

eµ�̄n(1� �1)�n+1̂

� = 1 � = 2

n

n� 2̂

n + 2̂
�̄n(1� �2)�n+2̂

�̄n(1 + �2)�n�2̂

Hopping	term	:	Energy	term	in	Ising	model	

mass	term	and	interac.on	term	:	magne.c	term	in	Ising	model		



Grassmann	TRG	

n  Formula.on：	
　　Gu	et	al.,	2010,	Gu	2011	
	
n  2D	rela.vis.c	system	
　　Shimizu	&	Kuramashi	2013	

For	fermion	system,	procedure	is	similar	to	that	of	
Ising	model.	But,	one	has	to	make	tensor	for	the	
model	by	oneself.		
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How	to	make	tensor	

1)  Expand	BW,	and	then	new	d.o.f.（bosonic）	appears	

Hopping	term	for	1st	direc.on	



How	to	make	tensor	

1)  Expand	BW,	and	then	new	d.o.f.（bosonic）	appears	
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How	to	make	tensor	

1)  Expand	BW,	and	then	new	d.o.f.（bosonic）	appears	

new	d.o.f.	(bosonic)	

Finite	expansion	
due	to	Grassmann	

the	same	goes	for	
²  other	hopping	terms	
²  mass	term	
²  interac.on	term	



How	to	make	tensor	

1)  Expand	BW,	and	then	new	d.o.f.（bosonic）	appears	
2)  Integrate	out	old	d.o.f.	(Grassmann)	and	then	one	

obtains	tensor	network	rep.	
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mass	term	

4-fermion	interac.on	term	

New	d.o.f.	



How	to	make	tensor	

1)  Expand	BW,	and	then	new	d.o.f.（bosonic）	appears	
2)  Integrate	out	old	d.o.f.	(Grassmann)	and	then	one	

obtains	tensor	network	rep.	
3)  However,		before/awer	the	integra.on,	sign	factor	

origina.ng	from	Grassmann	nature	may	appear	
“Randomly”		→		“Sign	problem”?	



How	to	make	tensor	

1)  Expand	BW,	and	then	new	d.o.f.（bosonic）	appears	
2)  Integrate	out	old	d.o.f.	(Grassmann)	and	then	one	

obtains	tensor	network	rep.	
3)  However,		before/awer	the	integra.on,	sign	factor	

origina.ng	from	Grassmann	nature	may	appear	
“Randomly”		→		“Sign	problem”?	

4)  To	deal	with	the	sign	factor	beter,	introduce	new	
Grassmann	variables	



New	Grassmann	variable	
Say	
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same	exponent	

=1	
New	Grassmann	variable	



New	Grassmann	variable	
Say	
�
e�µ�̄n+1̂,1�n,1

�tn,1

=
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“shuffle”	



New	Grassmann	variable	
Say	

separate	

�
e�µ�̄n+1̂,1�n,1
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By	introducing	new	Grassmann	variable	and	pairing	it	with	
old	d.o.f.,	one	can	avoid	an	awkward	manipula.on	of	sign	
factors	and	can	easily	integrate	out	the	old	d.o.f.	

�n �̄n+1̂

Introduce	new	Grassmann	variable	for	other	hopping	terms	as	well	
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Other	issues		

n  Coarse-graining	can	be	done	with	some	care	about	
the	fermionic	part	of	tensor	

n  For	finite	temperature	system,	an.-periodic	BC	is	
imposed	for	fermions.	This	can	be	taken	into	account	
by	inser.ng	another	tensor	(matrix)	in	one-.me	slice	

n  If	you	want	more	flavors	N,	the	number	of	index	of	
tensor	increases	N	.mes.		



Numerical	results:	ln	Z	
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Numerical	results:	ln	Z	
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exact

Phase	transi.on？	

bad	approxima.on	
g = m = 0322

Trunca.on	error	gets	larger	around	PT?	



Fermion	number	density	
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Summary	
n  Grassmann	TRG	

n  Introduce	new	Grassmann	variables	to	deal	with	“new	sign	
problem”	

n  Demonstrate	an	extension	to	finite	density	in	GN	model	

n  Outlook	
n  Extension	to	Higher	dimensional	system	

n Higher	order	Grassmann	TRG		Sakai	&	ST	in	progress	
n 2+1D	Wilson	Fermions	=	Domain	wall	Fermions	in	2D	

n  LaZce	SUSY,	LaZce	chiral	gauge	theory	


