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Our tool: Lattice QCD
Complex action
Sign problem
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e�SG[U ]with a probability proportional to
Generate fields U {U} = U1, U2, . . . , UN

VEV of an operator hOi = 1

N
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Integrate out quark fields
Z =

Z
DU

Z
D ̄D e�

R
 ̄D e�SG =

Z
DUDetD(U)e�SG(U)
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Is DetD Boltzmann weight?

D† = �5D�5 (DetD)⇤ = DetD

For Nf=2 flavors

Hermiticity on lattice�5

(DetD)2 � 0

If one introduces the chemical potential
(DetD(µ))⇤ = DetD(�µ⇤)

OK if the chemical potential is pure imaginary

Treat DetD as an observable = reweighting
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Please integrate with MC

Almost impossible!

Utilize imaginary chemical potential
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Singularities only at ξ=0 and ∞ ⇠

∞
Is this plausible?

Yes!
at least for lattice QCD in finite volume

How about the phase transition?
Phase transition is related to zeros of ZG(ξ)

Lee-Yang zeros!

Analytic continuation is perfectly safe for ZG(ξ)!
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Solution = Canonical approach
Fourier tr. in imaginary chemical potential!

Partition function ZG(T, e
i✓, V ) is numerically expensive

Numerical Fourier transformation is difficult.
Frequent cancellation between plus-minus signs

There are two problems

Easy way to solve these two!
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Winding number expansion
TrLogDW (µ)

quark hopping need to make a loop for TrQn

Non-zero winding in T direction
non-trivial μ dependence

Count a number of windings for each TrQn

TrLog (I � Q) = �
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=
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WN⇠Nresummation

Kentucky ’08



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08

ZG(µ) =

Z
DU

DetDW (µ)

DetDW (µ0)
DetDW (µ0)e

�SG



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08

ZG(µ) =

Z
DU

DetDW (µ)

DetDW (µ0)
DetDW (µ0)e

�SG

0 or imaginary



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08

ZG(µ) =

Z
DU

DetDW (µ)

DetDW (µ0)
DetDW (µ0)e

�SG

=

⌧
DetDW (µ)

DetDW (µ0)

�

0

ZG(µ0)
0 or imaginary



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08

ZG(µ) =

Z
DU

DetDW (µ)

DetDW (µ0)
DetDW (µ0)e

�SG

=

⌧
DetDW (µ)

DetDW (µ0)

�

0

ZG(µ0)

=

*
exp

�P1
k=�1 Wk⇠k

�

DetDW (µ0)

+

0

ZG(µ0)

hopping parameter exp.

0 or imaginary



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08

ZG(µ) =

Z
DU

DetDW (µ)

DetDW (µ0)
DetDW (µ0)e

�SG

=

⌧
DetDW (µ)

DetDW (µ0)

�

0

ZG(µ0)

=

*
exp

�P1
k=�1 Wk⇠k

�

DetDW (µ0)

+

0

ZG(µ0)

hopping parameter exp.
1X

n=�1
ZC(n)⇠

n

0 or imaginary
fugacity exp.



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08

ZG(µ) =

Z
DU

DetDW (µ)

DetDW (µ0)
DetDW (µ0)e

�SG

=

⌧
DetDW (µ)

DetDW (µ0)

�

0

ZG(µ0)

=

*
exp

�P1
k=�1 Wk⇠k

�

DetDW (µ0)

+

0

ZG(µ0)

hopping parameter exp.
1X

n=�1
ZC(n)⇠

n

0 or imaginary
fugacity exp.



Canonical partition function Zc(n)
Grand partition fn. ZG(μ) re-weighting 

Kentucky ’08

ZG(µ) =

Z
DU

DetDW (µ)

DetDW (µ0)
DetDW (µ0)e

�SG

=

⌧
DetDW (µ)

DetDW (µ0)

�

0

ZG(µ0)

=

*
exp

�P1
k=�1 Wk⇠k

�

DetDW (µ0)

+

0

ZG(µ0)

hopping parameter exp.
1X

n=�1
ZC(n)⇠

n

Fourier Transformation

0 or imaginary

ZC (n) =

Z 2⇡

0

d✓

2⇡
e�in✓

*
exp

�P1
k=�1 Wkeik✓

�

DetDW (µ0)

+

0

fugacity exp.



Plan of the talk
1. Introduction 
2. Hopping parameter expansion 

3. Numerical setup 

4. Canonical partition function Zn 
5. Hadronic observables 
6. Conclusion

✔

✔



★ Iwasaki gauge action 
★ Clover fermion Nf=2 
• APE stout smeared gauge link 

★ Box sizes
cSW = 1.1

83 ⇥ 4 123 ⇥ 4

β T/Tc κ mπ/mρ

0.9 0.67 0.137 0.8978(55)

1.1 0.69 0.133 0.9038(56)

1.3 0.72 0.138 0.809(12)

1.5 0.78 0.136 0.756(13)

1.7 1 0.129 0.770(13)

1.9 1.46 0.125 0.714(15)

2.1 3.22 0.122 0.836(47)

Numerical setup
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Canonical |Zc(n)|
canonical partition fn. ZC (T, n, V ) = |ZC(�, n)|ei✓(�,n)
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