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1. Introduction

Chiral symmetry of QCD

phase transition

ow T U(1)p ® SU(Nys)v * high T U(1)p ® SU(Ng)L ® SU(Ns)r

restoration of chiral symmetry

Some guestions

1. Eigenvalue distribution of Dirac operator

related ?

2. Recovery of U(1)_A symmetry at high T ?
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Previous studies on |1

p(\) = lim Z SO — An) Cossu et al. (JLQCD 2013), Overlap
Voo V Phys. Rev. D87 (2013) 114514
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Previous studies on 2

- / 44z (o(2)0(0) — 6(x)5(0))

Cohen(96), Theory Yes ! XU((1)a = 0, (m —> O)

Lee-Hatsuda(96), Theory No ! zero mode contributions are important.

XU()a = O(mz) + A A = O(1) at Ny = 2: contributions from @ = £1
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Old Lattice results

Chandrasekharan et al., (98), KS

No !
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Recent lattice results
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Buchoff et al. (LLNL/RBC 2013), DWF 120
arXiv:1309.4149[hep-lat] 0 |

U(T1) violating susceptibilities

No ?! P
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Phys. Rev. D87 (2013) 114514
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Our work

give constraints on eigenvalue densities of 2-flavor overlap fermions, if chiral
symmetry in QCD is restored at finite temperature.
discuss a behavior of singlet susceptibility using the constraints.

Content

1. Introduction

2. Overlap fermions

3. Constraints on eigenvalue densities

4. Discussions: singlet susceptibility
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2. Overlap fermions

Action S =9¢[D—-mF(D)ly, F(D)=1- %D

Ginsparg-Wilson relation D5 + 95D = aDRys D

Eigenvalue spectrum AL+ A = aRAANA
A
1/Ra ——
zero modes(chiral) / doublers(chiral)
y 0

2/Ra

-1/Ra —|—

X

D(A)ps = Ny¢i

» D(A)y505 = Nyv590
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Propagator

Nr4rL Np

On(2)0L (y)  150n(2)d] (y)7 1 Ra
(o) = 3 | Gty 2Ol ST L @)l ) + Y T on(alok (v
n memn mAn — 11 k=1 K=1
bulk modes(non-chiral) zero modes(chiral) doublers(chiral)
Rma
fm =1+
Measure 2

# of doublers

A 9 NfNé B
Pm(A) _ 6—SyM(A)(_m)NfNR+L <_> H (Z'rQn)\;?)\;? —|—m2)
fa I >0

# of zero modes

positive definite and even function of m # 0 for even Ny

N f=2 in this talk.
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Ward-Takahashi identities under “chiral” rotation | 6%(z)é%y(z) = i0%(x)Ts5(1 — RaD)y(x),
0%(x)0%)(x) = i(x)0%(x)T s,

Integrated operators

Sa:/d4ibsa($), Pa:/d4$Pa($) Sa(m) = @?(ZIZ)TG ( )w(l‘), scalar
Pz) = ()T F(D)y(x), pseudo-scalar
chiral rotation at N_f=2 54S° =259 pY sapb = _9254°80

598° = 2pe §opY = —25°

If the chiral symmetry Is restored,

: a
[ lim <5 Onl,nz,ng,n4>m — J WT identities

m—0

Onl,n2,n3,n4 — (Pa)nl (Sa)n2 (Po)n3 (So>n4 N = Z TG, ny 4+ ng = Odd ny+ng = odd
z flavor parity
explicit form 0%: flavor non-singlet, parity-odd
5
707%1,712,713,7%4 — _n10n1—1,7%2,n3,n4+1 —+ nQOnl,n2—17n3+1,n4 - n30n1,n2—|—1,n3—1,n4 T n4(9n1—|—1,n2,n3,n4—1
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3. Constraints on eigenvalue densities

Assumption 1 non-singlet chiral symmetry is restored:

lim lim (0,0),, = 0 (for a # 0),

m—0V —oco

(O(A)),, = %/DAPm(A)O(A), 7= [DAP,(A)

P,,(A): even in m

Assumption 2| if O(A) is m-independent
(O(A))m = f(mQ) f(x) is analytic at x =0

Note that this does not hold if the chiral symmetry is spontaneously broken.

. 1 2 _ 2 2
Ex. Jim QA n = m+ O(m?)

1441 H22H/KEH



Assumption 3| if O(A) is m-independent and positive, and satisfies

T, o (O(A)) =0
» (O(A)), = m*F D / DA P(m?, A)O(A)

finite P(0,A) # 0 for 7A

consequence|  for V] integer

(O(A)Y,, = m2F+D) / DAP(m?, A)O(A)! = O(m2*+1)

since O(A) and O(A)! are both positive and share the same support.

1441 H22H/KEH



Assumption 4 eigenvalues density can be expanded as

A0 Evlgnoo_za( - ZpA)\ at A= 0 (A <¢)

More precisely, configurations which can not be expanded at the origin
are "‘measure zero” in the configuration space.

1441 H22H/KEH



4. Constraints on eigenvalue densities

general N(odd) Ol’0,0’N_l lim lim (—(Oo00n)m + (N —1)(O200n-2)m) = 0.

m—0V—oo
arge volu f \ s 0

' 1 Niir

N
—N<(SO)N>m = Ny (< + I % +0(V™H =0
V mV

\ /

1 (AR 2mp Am = 2 cutoff
I = — dX p(X\)go (N2 — 102 10 R = g cut-o
=g | P ) g ey = et +O(m) g
go()‘Z) =1- A2 ) mR_m/Zm
R

Both pg' and N£+L are positive.

1st constraint

. Npar
| —
p (), =0

for small but non-zero m
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Example of calculations

)] n ()T a
(o) = 3 | et o DRI S Lo @l )+ Y G on(@ok )
n mem mom k=1 K=1
EF(An) | FL(S‘n) | Nﬁ%—L
fmAn —m | finAn — m m
| FL(S\n> | Nﬁ—I—L
| fimAn —m - Vm
L= L A g D) 2R o
=g [ D ) g ey = e+ O(m)
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N=2 o—r _ 1 o0 2 R e 2
X — W(SO_PCL>m7 Xn _V<PO _Sa>m
=0
| | T topological charge
X"° = Ny <m2V{2NR+L — NrQ(A)*} + 7 (mlR + f2)> Q(A) = N4 — N&
=0
Ar m% — A2g0(A?)gm m’
R o A e s R A (1
L A (Tm 2 A
— + 1o —P$ (m + AR) + 2p1 + O(m).
A 2
(PG )m = O(m?)
NZHQ(A)*)m
lim 7% =0 lim —7 — 2 lim (p2
o ¢ 0 2V m_>0<:01 ym
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N

3

WT identities

(O2001)m — 0, (=0Oo201 +201110)m — 0,  (Ooo21 + 201110)m = 0
(=Oo003 + 202001)m — 0,  (Ooo21 — Oo201 + O1110)m — 0,

(00 )m = W; (05 ) m + O(m*)
lim <Q(A)2/064>m _ O(m4)
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(O4000 — Opo04)m — 0,  {Oa000 — 302002)m — 0,

4 (00400 — O0040)m — 0, (Ooa00 — 300p220)m — 0,
ym — 0,

)m

N

(O2020 — Op202 (02200 — Ooo22)m — 0,

(201111 — On202 + Opo22

2 6N]§ 2 ]\7}L 4
* NH(Ts 5 1m0 = o/l + s @AV i = i @AY =0

~ logm ~ logm o

= O(m?

lim N?<Q(A)2>m = 2 lim (p™),, 2nd constraint

m—0 m2V m—0

)% )m — m4‘f/2 QA" — 0. negative semi-definite

(P m = ———{(p5)m 3rd constraint

1441 H22H/KEH



+ result from N=4k (general)

Final results

p
A a4y AP 4
lim (p™(A))m = lim (p3")m FO(\7)
m—0 m—0 3'
\.
No constraints to higher (p2),,
(p3)m # 0 even for ”free” theory.
g
A
Py )m =0
lim — (A, ) = 0, lim —(Q(A)?* 0
Vgnooﬂ« Rern) )m = 0, Vl—I>noo_k<Q( ) )m =

1441 H22H/KEH




5. Discussion: Singlet susceptibility

Singlet susceptibility at high T

<Q(A)2>m =0

;
s 0 _ i 1
0 X 0V ose T2V

Both Cohen and Lee-Hatsuda are inaccurate.

This, however, does not mean U(1)_A symmetry is recovered at high T.

lim ™" = 0
m0 X

Is necessary but NOT “sufficient” for the recovery of U(1)_A .

1441 H22H/KEH



More general Singlet WT identities

<_JO(9 +50_C9>m = O(m)

anomaly(measure) singlet rotation

We can show for O = Onl,ng,ng,n4 — (Pa)nl (SCL)’I’LQ (PO)ng (SO)n4

1 QA o\ _
A ¢ O>m—v1£%o< my 2 OWV)) =0

where k is the smallest integer which makes the V' — oo limit finite.
S ~O(V), P*,5* P’ ~ O(V'/?)
.} lim lim — (6°0O) 0
1111 11 — -
m—0V —oo Vk m

Breaking of U(1)_A symmetry is absent for these "bulk quantities”.

1441 H22H/KEH



Important consequence

Effect of U(1)_A anomaly is invisible in scalar and pseudo-scalar sector.

* Pisarski-Wilczek argument

Chiral phase transition in 2-flavor QCD is likely to be of first order !?
(See Taniguchi-san’s talk in detalil.)

Final Comments

1. Large volume limit is required for the correct result.

2. If the action breaks the chiral symmetry, the continuum limit is also required.

3. We only use a part of WT identities. Therefore, our constraints are necessary
condition.

4. We can extend our analysis to the eigenvalue density with fractional power.
The conclusion remains the same. (See the next page.)

1441 H22H/KEH



Fractional power for the eigenvalue density

pA(N) = e\, v >0

If non-singlet chiral symmetry is recovered at high T

* v < 2 1s excluded. * v > 2

consistent with the integer case (n > 2)

1441 H22H/KEH



Part |l

Massless up quark and Dashen phase
In Chiral Perturbation Theory

with Mike Creutz @ BNL
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1. Introduction

1
3272

f term in QCD i0 P E L (2) Fop(x) = i0q(x) CP odd

\ 4

Neutron Electric Dipole Moment(NEDM)

Experimental bound

dy| < 6.3 %1072 em # 0 = bqcp + fpw < O(107°)
Model estimate

S Strong CP problem |
d,|/0 ~1071° ~ 107 7e - cm

One possible “solution” m, = 0 massless up quark

(Lattice QCD already ruled out this ?)
chiral rotation

u — 6@@75 ZQ"75

u, U -—uc ) if m,, = 0, we can make
My TU — 1My, Ge 25 0 =0

0 — 0 =0+ 2aN ¢  chiral anomaly by a = 21%]“

1441 H22H/KEH



Mike Creutz, “Quark masses, the Dashen phase, and gauge field topology”
arXiv:1306.1245[hep-lat]

| Mike’s Oracles |

myg > 0 fixed, then

1. Nothing special happens at m, = 0.

2. Massless neutral pion: m. o =0 at m, =2 m. < 0 .

3. Pion condensation (Dashen phase): (7Y) # 0 at m, < m. < 0.

4. x = oo at m, = me. 1

Y = V<Q2> topological susceptibility

5. x =0 at m, = 0.

In the part Il, | show the above properties by ChPT including the anomaly effect.
In addition, we discuss an interesting prediction related to these in 2-flavor QCD.

1441 H22H/KEH



ChPT with "anomaly”

2
L = f?tr (8,U0*UT) — %tr (MU +UTM) — % (det U + det UT)

effect of anomaly

[Warm-up: Ny=1 casej

2B No massless “pion”(eta)

naive guess mbg = ——|mg| + ém?

f2

mMpg

om

1441 H22H/KEH



reality U = Uy =

Vipo) = —(m+ A)cospo

potential

U(x) = Uye™ @)/ l

PS meson field

m + A
72

2
# Mpg

m = 0 i1s note special

non-symmetric under m — —m

massless PS meson at m = —A

=)

e'¥0  vacuum ansatz m = 2Bmy

B 0 m+A>0
ro = T m+A<O
minimum

L m(x)0M () — (m 4+ A)Ug cos (m(x)/ f)

m = 2Bmg

1441 H22H/KEH



2. Phase structure and pion masses at N_f=2

me, O Moy 0 _ _ LU0 e'¥? O
o= (e 0 Ym0 ) v o= t=en (7 )
mass term vacuum
() = %tr (Up + UJ) = 2 cos(p) cos(ps), (Pivsh) = 2%131' (Uo — UY) = 2sin(¢py) cos(i3),
VEV (W) = %tr 73Uy + Ul) = —2sin(ipo) sin(gs), (ivsTy) = Q%tr 7 (Uo — UJ) = 2cos(po) sin(p3).
potential V(eo,p3) = —mycos(po+ p3) —mgcos(po — ¢3) — Acos(2¢p).
OV | | |
a—% = My Sln(SOO T 903) + My SID(QO() — 903) + 2A SlIl(QgOQ) =0
l oV , .
Do My, Sin(@o + p3) — mgsin(pg — @3) = 0.
Y3

gap equations

1441 H22H/KEH



Solutions

0<mg <A

sin” (p3) =

sin®(pg) =

A < my

sin?(p3) =

sin®(pg) =

(ma — mu)*{ (my + ma)*A* — mimg}

313
dmzmy

(M + mg)? A% — mim?l

4mumdA2

(ma — mu)*{ (ma + ma)*A* — mimg}

3.m3
dmzmy

(M + mg)? A% — mimfl

4mumdA2

_|_

m, < my, < m]

Dashen phase

— +
—Mm, < My < My,

Dashen phase

1441 H22H/KEH



Phase structure
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=AY
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PS meson masses

n(z) + mo(x) 7 (z)
(@) n(z) — mo(x)
" V2
. 5
L = %o(x))? + (@un(@))? + 20, ()07 (1)} + 50 (@)

m_(p)

+ 4f2 {77 ) + 75 (x) + 2my (@)7—(2) } — 2f2 n(z)mo(x),(26)
' o — 1) MIXING
ms, = m+(f) charged pion
2f # Mzy < My
1 .
mi == 272 [Im4 (@) + ém — X] neutral pion
1
m; = 272 Im4 (@) +dm + X] eta meson X = /m_(@)2 + om?,
m+ (@) = mgcos(pg — p3) £ my cos(wo + ©3)

= m4 cos(po) cos(ps) + me sin(po) sin(gs).
om = 2Acos(2pg). Mma = mg & My,

1441 H22H/KEH



-3

4+ 4A2

— 2
= Tgp m=o
mﬂ'j: 2f27 7-(- 2 m+ mu_|_md
- 9
- T s 22~ 2f?
A , 1 T oA \/m2
m_—i : 1 m B >
m727 = 2 mﬁo 2f2 _ + |
I 2|
m2 — |my + 2A 4+ /M~
L 2f2 I ]
1,
T _o =—
2 " m—l—__mu—"md
The = TP =T ap |
1T — 5
0 m;ém = 2f2 —m+—|—2A—\/m_—|—4A_
2 ! -—m —|—2A—|—\/m2 + 4A2
"= g T A

4+ 4A2
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05

04+

0.0

02

0.1

My +mg =0
mg = A/2
2
m_ .+

2

T o

‘ ‘ 1‘4 ‘ ‘ ‘ 1‘2 ‘ ‘ ‘ 1‘0 ‘_‘ ‘ (‘)8 ‘ ‘ ‘ O/;’” ‘ ‘ (‘)4 ‘ ‘ ‘ (‘)2 ‘ ‘ ‘ ()‘()

m., d o+

0.0

-3

(@)
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3. Topological susceptibility and massless up quark

(anomalous) WT identities

([0" AL () + (@) {M, T s (x) — 2N (2)] Oy)) = W (z —y)(5°O(y))

2
q(z) = 1gﬁ "G, (2)Gag(x),  topological charge density

v

= [d*z (q(x)q(y)) = Nf /d4 (uysu(x)q(y)) -

O(y) = q(y) with a = 0,3

Integrating over x.

Y = o0 at mo =0 and m, # 0
x=0at mo#0and m, =0

1441 H22H/KEH



Anomalous WT identities iIn N f=2 ChPT

(5,50(y)) = 69z —1vy)BO(y))  WT identities 6U(x) = 2i0(x)U(x)

0,5 = if(x) |0"A,(z)+ tr (MU (z) = MTU(2)} — A{det U(z) — det UT(x)}} :

—

Au) = e {UN2)9,U(x) -U8,UN(2)}  2Nyq(x): topological charge density

/d4x<[8“Au(x) +tr {MU"(z) — MU(2)}] q(v))

_ AI dz ({detU(z) — det Ut ()} {det U(y) — det UT(y)})
+ S (et U(y) +det U (). )

effect of contactterm ? = A

# 4A%m ()
2Ny = — — — — + A.
! m2 () — m2 () + 2m ()om

1441 H22H/KEH



My, = 0 # my(F) = m_(g) = mg and dm = 2A

- .

AA%m
2fo — —4mdAd—|—A:O,

1 X_ X
4 _ +

71'0 =0 # /d - 2X (m% +m%> r OC
e n

4 )

* 2fo —  —00, mﬁ0—>0.

1441 H22H/KEH



4. Summary and Discussions

Using ChPT with anomaly effect, we show

1. m, = 0 is nothing special if mq # 0. (no symmetry)

2. At my, =m>,—m_ # 0, myo = 0.

3. (mY)Y £ 0 at m_ (—m.) < m, <m}. Dashen phase Staggered quark ?
4. x = 00 at m, = me.

5. x =0 at m, = 0.

If mqg # 0, massless up quark (m, = 0) may not be universal (scheme-
dependent). my and m_ are renormalized differently.

Instead, massless up quark may be defined by y = 0.

On the lattice, we should first show that y is universal.

We then check whether x¥ = 0 or not at physical point.

1441 H22H/KEH



Application

My = —Mg = —M My = Mg =M
0= 0=m
chiral rotations
—171 O i -3
MZ( 0 m Vi = T = Vi M’:ngsz(

ChPT analysis

(90:(93:7'('/4,

1441 H22H/KEH



cosps = 1

(1, 2A < m

cosgg = & —, —2A<m<2A #

wwwwwwwwwwwwwww

() + (iys)? = 4

(@Ziygﬂb) = 25sin g €os Y3

(1p1h) = 2 cos pg cos 3

(iysy)

(

—2A

0, m? > 4A?

m’ 2 2
2, 2A <m
m
N —2A <m < 2A
-2, m < =2A

(1)
2\

Spontaneous CP violation !
(eta condensation)

1441 H22H/KEH



massless

\

PS meson masses

m? > 4A?

m? < 4A?

\

non-standard PCAC relation !

2A
2

—2A

1

212
1 4A2 — m?

2lm| —44],

22 A

massless

m? > 4A%

m? < 4A?

NG bosons 2A

1441 H22H/KEH



1 m?
mi = How can we get this from WT-identities ?
2f2 A

({0" A7, + murr* (U = U)}(2)O(y)) = (6"O(y))

taking O = tr 73(U" — U) and integrating over x

m/d4:p tr3(UT = U)(z) tr 2 (UT — U)(y)) = =2(tr(U + U")(y))

2/2 = 4 cos g
= —i—— c0s (o Ty ()
f
cos? g
# m f2 /d4aj<7ro( ) — COS # m — f2 COS Vg

1 _ M
m?2 2A

r N o

>  mm
» Mry = £2 2N one m form WTI, the other m from VEV.
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