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Principle of 

Equal Weight
Boltzmann

formula



All the microstates that have energy E

Principle of Equal Weight : 
When all the microstates emerge in the same probability, 

the average value give the equilibrium value.

How can we justify this principle ?

Microscopic View

There are huge number 

of states



All the microstates that have energy E

Explanation using the Ergordic Hypothesis

Ergordic theory gives the fruitful mathematics

Buté 

It takes too much time (physically nonsense)

It gets harder as the system size increases



Explanation using the Typicality

Almost all the microstate at energy       are 

macroscopically indistinguishable !

I



Explanation of 

the approach to equilibrium

I
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Mixed Mixed

Pure Mixed

+ (exponentially small error)

S.Popescuet al. (2006) 

S.Goldsteinet al. (2006)
A.Sugita(2007), 

P.Rieman(2008)



Take a random vector

: an arbitrary orthonormal basis spanning 
the enegy shell 

: a set of random complex numbers 
with                      .

i.e. the random vector in the specified energy shell 

When we see the subsystem of         , 

the expectation value is very close to 

the canonical ensemble average

S.Popescuet al. (2006), 
S.Goldsteinet al. (2006)

Trace outSubsystem



When we see the subsystem of         , 

the expectation value is very close to 

the canonical ensemble average

S.Popescuet al. (2006), 
S.Goldsteinet al. (2006)

Trace outSubsystem

That is, the deviation ratio satisfies

: mechanical variable on the subsystem

Conditon for      can be weaken



A.Sugita(2007), 
P.Rieman(2008)

That is, 

: mechanical variable on the subsystem

(Conditon for      can be weaken even more)

When we see the observables which are 

low-degree polynomials of local operators, 

the expectation value is very close to 

the microcanonical ensemble average.



Previous Works
Total System Sub System

Ensemble 

Formulation

Previous 

Works

Mixed Mixed

Pure Mixed

+ (exponentially small error)

S.Popescuet al. (2006) 
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A.Sugita(2007), 

P.Rieman(2008)



Purpose of Our Work

Establish the formulation of statistical 

mechanics using a single pure quantum state.

Principle of 

Equal Weight
Boltzmann

formula



Macroscopic Variables

Mechanical Variables
- degree polynomials of local operators

( i.e. their degree                      )

Ex) Magnetization, Spin-spin correlation function

annot be represented as mechanical variables
All genuine thermodynamic variables can be derived 
from entropy .

Genuine Thermodynamic Variables
Ex) Temperature      , Entropy



Thermal Pure Quantum (TPQ) State

uniformly for every mechanical variable     as              .

: ensemble average of

: convergence in probability

Independent variables 

Microcanonical TPQ state

Canonical TPQ state

energy density

When       is generated from some probability measure,

we call       a TPQ state if



Total System Sub System

Ensemble

Previous Works

Mixed Mixed

Pure Mixed

New Formulation



New Formulation
Total System Sub System

Ensemble

Previous Works

Mixed Mixed

Pure Mixed



Total System Sub System

Ensemble

Previous Works

Mixed Mixed

Pure Mixed

Pure

Mixed
Microcanonical
TPQ state

Canonical
TPQ state

New Formulation



Total System Sub System

Ensemble

Previous Works

Mixed Mixed

Pure Mixed

Pure

Mixed
Microcanonical
TPQ state

Canonical
TPQ state

New Formulation



Total System Sub System

Ensemble

Previous Works

Mixed Mixed

Pure Mixed

Pure

Mixed
Microcanonical
TPQ state

Canonical
TPQ state

New Formulation



Table of Contents

1. Introduction

2. Canonical TPQ State

3. Microcanonical TPQ State 

and Its Relation to Canonical TPQ State

4. Entanglement



Setup

System:

ΞDiscrete quantum system composed of N sites,

ΞThe dimension of the Hilbert space is     .

ΞWe use quantities per site, and

ΞThe spectrum of      is

To exclude foolish operators (ex.          ) 
: Constant independent of     and    .

ΞAssume every mechanical variable     is normalized

as

ΞThe ensemble formulation gives correct results,

which are consistent with thermodynamics in 



Firstly, take a random vector

: an arbitrary orthonormal basis of
the whole Hilbert space

: a set of random complex numbers 
with                      .

from the whole Hilbert space.

Notice:

This random vector         is independent of the  

choice of the basis set          .

Canonical TPQ State PRL 111, 010401 
(2013)

Preparation of        is easy.


