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QCD
Lattice QCD 
Effective Field Theory

Few body techniques 
No core shell model 
and many others…

Nuclear force Light nuclei ~A≒10-20

Medium mass nuclei~A≒20-100 shell model with core 
via the effective interaction 
derived from nuclear force
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http://www.nndc.bnl.gov/nudat2/reCenter.jsp?z=12&n=20

NuDat 2.6  Levels and Gammas Search
Ground and excited states (energy, T1/2,  
spin/parity, decay modes), gamma rays 
(energy, intensity, multipolarity, coinc.)

Nuclear Wallet Cards Search 
Latest Ground and isomeric
states properties

Decay Radiation Search
Radiation type, energy,
intensity and dose 
following nuclear decay

Search and plot nuclear structure
and decay data interactively. More.
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N=20
E(2+)~1 MeV on N=20 indicate breaking of major shell gap 
Unified treatment of beyond and below the N=20 gap is necessary 
And this is one of many examples….

shell gap

breaking of 
 shell gap



Chapter 2

Review of effective interaction for the shell
model

In this chapter, we review the various theories of the effective interaction of the nuclear force, focusing
on the renormalization scheme related to the effective interaction for the shell model.

Nuclear shell model is a configuration interaction method, which is based on usually two-body
interactions and single-particle energies.

Nuclear shell model starts from the following second quantized Hamiltonian,

H =
!

i

ϵia†i ai +
!

i jkl

Vi j,kl a†i a†jalak. (2.1)

The input parameter is the single particle energies ϵi and the two-body interactions Vi j,kl. Then, we
calculate the Hamiltonian of many-body states, and diagonalize it to obtain the eigenenergies and the
wave functions.

The creation (annihilation) operators create (annihilate) the nucleons in some discrete orbits. Usu-
ally, these orbits are defined as the eigenfunctions of the harmonic oscillator or the Woods-Saxon
potential, for example. Nuclei have several tens of nucleons typically, which usually give rise to in-
tractably large dimensions. Therefore we have to restrict ourselves to the finite small dimension, to
diagonalize the Hamiltonian matrices. We define a subspace of whole Hilbert space which is called
the model space, where the nucleons can move inside. We also in many cases consider a frozen-core
states like 16O, whose degrees of freedom are killed. As an approximation, the particles are assumed
to move only outside of the core, because these degrees of freedom are enough to explain many
part of the properties of the nuclei heavier than the core. This assumption enlarges the region of the
calculation drastically as well.

Therefore, we have to determine the suitable parameter ϵi and Vi j,kl appropriate to relevant degrees
of freedom. Once we have a reliable Hamiltonian, we can calculate the Hamiltonian of many-body
states and diagonalize it, to obtain the binding energies, wave functions, the strength of the transitions
and the other various useful physical quantities. These parameters are often called effective interaction
for the shell model calculations.
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Shell model Hamiltonian

What we aim at is to: 

 derive Shell model Hamiltonian based on Nuclear force 

 diagonalize this Hamiltonian to know nuclear properties
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Nuclear force and Nuclear shell model

Derivation of Veff and its applicationNaofumi Tsunoda (CNS UT) /30

i, j, k, l : relevant degrees of freedom = model space

What we need is: 

 Many-body theory to derive Hamiltonian for desired model space 

neutron-rich nuclei need large model space 

Large scale shell model calculation (Large scale Lanczos diagonalization and 
Monte Calro Shell model)

Single particle energies

two-body matrix elemetns
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P: model space

2.4. Many-body theory of effective interaction 33

the same time, the eigenvalue Ei in Eq. (2.56) changes its meaning; it is no longer the total energy of
the system, but is now the total energy measured from the true ground state energy of the core.

In actual calculations, however, we do not calculate Veff order by order using Eq. (2.86). Since
the contribution of folded diagrams can be calculated by energy derivatives when the model space is
degenerate [11], we can translate Eq. (2.86) into the following equation

Veff = Q̂(ϵ0) +
∞!

k=1

Q̂k(ϵ0){Veff}k, (2.87)

The above expression clearly shows that the iterative solution of Eq. (2.46) converges Veff in the limit
of n→ ∞.

We can summarize the KK method as follows; we calculate the valence-linked Q̂-box diagrams
(usually up to second or third order) and the corresponding energy derivatives at the degenerate P-
space energy ϵ0, and carry out the iteration of Eq. (2.46) starting from V (0)

eff = V . This procedure
ultimately gives Veff = V (∞)

eff .

Figure 2.3: Valence-linked Q̂-box diagrams up to second order in V .

At the end, we stress again that the above KK method can yield Veff only for a degenerate model
space. Suppose we are working with the harmonic oscillator shell model of 18O, treating 16O as the
core. If we take the P-space composed only of the degenerate sd-shell, the above KK method works
well as shown by many applications (see for example Ref. [26]). If, on the other hand, we take an

+ …+
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For the further decomposition, we introduce two things. One is Q̂-box and the other is folded
diagrams. The Q̂-box is defined as

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP

= PVP + PVQ
1

E − QH0Q
QVP + PVQ

1
E − QH0Q

QVQ
1

E − QH0Q
QVP + · · · (2.71)

which is already appeared in the formal theory of KK method and LS method. The Q̂-box is the
summation of all the contribution of the “irreducible” diagrams. Here the term “irreducible” means
that the diagrams cannot be divided into two pieces by cutting the P-space state by a horizontal line.
Therefore, in the evaluation of Q̂-box, we do not face to the divergence caused by the zero energy-
denominator, if the P-space is degenerate and the unperturbed Q-space energy is different from that
of P-space.

Next, we move to the folded diagrams. Let us consider the diagram which includes two vertices
at t = t1 and t = t2, with t1 > t2. When the state before t = t2 and after t = t2 are the same, clearly we
face to the zero denominator. This divergence can be factorized as follows:

❝❝t1
t2

= ❝t1 × ❝t2 − ❝t1

❝t2
!
! . (2.72)

In the left hand side, 0 > t1 > t2, and in the right hand side, the first term does not have the restriction
of ordering and the second term is the corresponding subtraction of 0 > t2 > t1. Suppose the railed line
is in Q-space and the other is in P-space. Since P-space is degenerate, the left hand side is obviously
divergent. In the right hand side, the divergence is only appearing in the second factor in the first
term. In this sense, Eq. (2.72) shows the minimal example of factorization of the divergence. Our
purpose of implement the factorization theorem and folded diagram procedure is that we factorize the
divergence and cancel them so that we obtain the finite physical results.

Now we come back to the factorization of Eq. (2.70). Both the first and second term include the
divergence. The first term |χP⟩, which terminate at t = 0 as P-space state, is expressed as

|χP⟩ = + ✉ + ✉✉ + ✉✉✉ + · · · (2.73)

where filled circle represent the Q̂-box and the line is the two-body states within P-space. Since we
are considering of degenerate P-space, this leads a clear divergence. On the other hand, the second
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condition, the following solution need the condition of degenerate unperturbed eigenvalues in P-
space. We first explain the KK method [27] for the degenerate model space. Then we explain the
LS method [28] for the degenerate model space. Both methods eliminate the energy-dependence of
HBH(E) of Eq. (2.27) by introducing the so-called Q̂-box and its energy derivatives, resulting in an
energy-independent effective interaction Heff .

2.3.1 Kuo-Krenciglowa (KK) method

In the KK method, we assume a degenerate model space,

PH0P = ϵ0P. (2.41)

Then Eq. (2.34) reads

(ϵ0 − QHQ)ω = QVP − ωPVP − ωPVQω. (2.42)

The KK method provide us a one possible way to solve this decoupling equation. Multiplying (ϵ0 −
QHQ) from the left,

ω =
1

ϵ0 − QHQ
(QVP − ω (PVP + PVQω))

=
1

ϵ0 − QHQ
(QVP − ωVeff) , (2.43)

using the expression of Veff in Eq. (2.36). Then we obtain the the following iterative form:

ω(n) =
1

ϵ0 − QHQ

!
QVP − ω(n)V (n−1)

eff

"
, (2.44)

where ω(n) and V (n)
eff = PVP + PVQω(n) stand for ω and Veff in the n-th step, respectively.

Now we introduce the important operator called Q̂-box as follows:

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP,

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (2.45)

The Q̂-box is clearly defined as an operator act in P-space. Intuitively this quantity stands for the
interacting matrix which the P-space wavefunction having energy E makes excited to Q-space, and
propagate in Q-space, and then makes it back to P-space again.

Then we immediately arrive at the following iterative formula for V (n)
eff :

V (n)
eff = Q̂(ϵ0) +

∞#

k=1

Q̂k(ϵ0){V (n−1)
eff }k. (2.46)

In the limit of n → ∞, Eq. (2.46) gives Veff = V (∞)
eff , if the iteration converges. The first term of

Eq. (2.46) is Q̂-box itself, which means the effective interaction include the effect of virtual excitation

24 Chapter 2. Review of effective interaction for the shell model

condition, the following solution need the condition of degenerate unperturbed eigenvalues in P-
space. We first explain the KK method [27] for the degenerate model space. Then we explain the
LS method [28] for the degenerate model space. Both methods eliminate the energy-dependence of
HBH(E) of Eq. (2.27) by introducing the so-called Q̂-box and its energy derivatives, resulting in an
energy-independent effective interaction Heff .

2.3.1 Kuo-Krenciglowa (KK) method

In the KK method, we assume a degenerate model space,

PH0P = ϵ0P. (2.41)

Then Eq. (2.34) reads

(ϵ0 − QHQ)ω = QVP − ωPVP − ωPVQω. (2.42)

The KK method provide us a one possible way to solve this decoupling equation. Multiplying (ϵ0 −
QHQ) from the left,

ω =
1

ϵ0 − QHQ
(QVP − ω (PVP + PVQω))

=
1

ϵ0 − QHQ
(QVP − ωVeff) , (2.43)

using the expression of Veff in Eq. (2.36). Then we obtain the the following iterative form:

ω(n) =
1

ϵ0 − QHQ

!
QVP − ω(n)V (n−1)

eff

"
, (2.44)

where ω(n) and V (n)
eff = PVP + PVQω(n) stand for ω and Veff in the n-th step, respectively.

Now we introduce the important operator called Q̂-box as follows:

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP,

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (2.45)

The Q̂-box is clearly defined as an operator act in P-space. Intuitively this quantity stands for the
interacting matrix which the P-space wavefunction having energy E makes excited to Q-space, and
propagate in Q-space, and then makes it back to P-space again.

Then we immediately arrive at the following iterative formula for V (n)
eff :

V (n)
eff = Q̂(ϵ0) +

∞#

k=1

Q̂k(ϵ0){V (n−1)
eff }k. (2.46)

In the limit of n → ∞, Eq. (2.46) gives Veff = V (∞)
eff , if the iteration converges. The first term of

Eq. (2.46) is Q̂-box itself, which means the effective interaction include the effect of virtual excitation

24 Chapter 2. Review of effective interaction for the shell model

condition, the following solution need the condition of degenerate unperturbed eigenvalues in P-
space. We first explain the KK method [27] for the degenerate model space. Then we explain the
LS method [28] for the degenerate model space. Both methods eliminate the energy-dependence of
HBH(E) of Eq. (2.27) by introducing the so-called Q̂-box and its energy derivatives, resulting in an
energy-independent effective interaction Heff .

2.3.1 Kuo-Krenciglowa (KK) method

In the KK method, we assume a degenerate model space,

PH0P = ϵ0P. (2.41)

Then Eq. (2.34) reads

(ϵ0 − QHQ)ω = QVP − ωPVP − ωPVQω. (2.42)

The KK method provide us a one possible way to solve this decoupling equation. Multiplying (ϵ0 −
QHQ) from the left,

ω =
1

ϵ0 − QHQ
(QVP − ω (PVP + PVQω))

=
1

ϵ0 − QHQ
(QVP − ωVeff) , (2.43)

using the expression of Veff in Eq. (2.36). Then we obtain the the following iterative form:

ω(n) =
1

ϵ0 − QHQ

!
QVP − ω(n)V (n−1)

eff

"
, (2.44)

where ω(n) and V (n)
eff = PVP + PVQω(n) stand for ω and Veff in the n-th step, respectively.

Now we introduce the important operator called Q̂-box as follows:

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP,

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (2.45)

The Q̂-box is clearly defined as an operator act in P-space. Intuitively this quantity stands for the
interacting matrix which the P-space wavefunction having energy E makes excited to Q-space, and
propagate in Q-space, and then makes it back to P-space again.

Then we immediately arrive at the following iterative formula for V (n)
eff :

V (n)
eff = Q̂(ϵ0) +

∞#

k=1

Q̂k(ϵ0){V (n−1)
eff }k. (2.46)

In the limit of n → ∞, Eq. (2.46) gives Veff = V (∞)
eff , if the iteration converges. The first term of

Eq. (2.46) is Q̂-box itself, which means the effective interaction include the effect of virtual excitation

As non-perturbative correction, we further include infinite 
repetition of Q-box
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term |χQ⟩, which terminate as Q-space at t = 0, is written as follows,

|χQ⟩ = ✉ + ✉✉ + ✉✉✉ + · · ·

=
! ✉ − ✉ " ✉ + ✉ " ✉ " ✉ − · · · # (2.74)

×
!

+ ✉ + ✉✉ + ✉✉✉ + · · ·
#

where integral represent the folding procedure. The folded diagrams here is defined as the contribution
of the end of the former Q̂-box is placed after the beginning latter Q̂-box. Note that the second factor
is the exactly |χP⟩. Equivalently we can write down the above as follows,

UV(0,−∞)|ψα⟩ =
D$

β=1

UVQ(0,−∞)|ψβ⟩⟨ψβ|UV(0,−∞)|ψα⟩. (2.75)

where UVQ represent the contributions of the first factor in Eq. (2.74). The point is that the divergence
is only appearing in the second factor in Eq. (2.75).

Combining Eqs. (2.68), (2.70), (2.74), (2.75) together,

U(0,−∞)|ψα⟩ = UQ(0,−∞)|c⟩⟨c|U(0,−∞)|c⟩ ×
d$

β=1

UVQ(0,−∞)|ψβ⟩⟨ψβ|UV(0,−∞)|ψα⟩ (2.76)

Then, Eq. (2.67) reads,

d$

γ=1

bλγHUQ(0,−∞)|c⟩UVQ(0,−∞)|ψγ⟩ =
d$

δ=1

bλδEλUQ(0,−∞)|c⟩UVQ(0,−∞)|ψγ⟩ (2.77)

where b(λ)
γ is defined as

b(λ)
γ =

d$

α=1

C(λ)
α

⟨ψγ|UV(0,−∞)|ψα⟩⟨c|U(0,−∞)|c⟩
⟨ρλ|U(0,−∞)|ρλ⟩

(2.78)

Note that there are divergence in the numerator and the denominator and they are canceled out. Then,
the coefficient b(λ)

γ is finite.
Now we define an operator UL as follows,

UL(0,−∞)|ψα⟩ ≡ UVQ(0,−∞)|ψα⟩UQ(0,−∞)|c⟩, (2.79)

meaning that the contribution is linked diagrams.
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that the diagrams cannot be divided into two pieces by cutting the P-space state by a horizontal line.
Therefore, in the evaluation of Q̂-box, we do not face to the divergence caused by the zero energy-
denominator, if the P-space is degenerate and the unperturbed Q-space energy is different from that
of P-space.

Next, we move to the folded diagrams. Let us consider the diagram which includes two vertices
at t = t1 and t = t2, with t1 > t2. When the state before t = t2 and after t = t2 are the same, clearly we
face to the zero denominator. This divergence can be factorized as follows:

❝❝t1
t2

= ❝t1 × ❝t2 − ❝t1

❝t2
!
! . (2.72)

In the left hand side, 0 > t1 > t2, and in the right hand side, the first term does not have the restriction
of ordering and the second term is the corresponding subtraction of 0 > t2 > t1. Suppose the railed line
is in Q-space and the other is in P-space. Since P-space is degenerate, the left hand side is obviously
divergent. In the right hand side, the divergence is only appearing in the second factor in the first
term. In this sense, Eq. (2.72) shows the minimal example of factorization of the divergence. Our
purpose of implement the factorization theorem and folded diagram procedure is that we factorize the
divergence and cancel them so that we obtain the finite physical results.

Now we come back to the factorization of Eq. (2.70). Both the first and second term include the
divergence. The first term |χP⟩, which terminate at t = 0 as P-space state, is expressed as

|χP⟩ = + ✉ + ✉✉ + ✉✉✉ + · · · (2.73)

where filled circle represent the Q̂-box and the line is the two-body states within P-space. Since we
are considering of degenerate P-space, this leads a clear divergence. On the other hand, the second

some algebra…
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term |χQ⟩, which terminate as Q-space at t = 0, is written as follows,

|χQ⟩ = ✉ + ✉✉ + ✉✉✉ + · · ·

=
! ✉ − ✉ " ✉ + ✉ " ✉ " ✉ − · · · # (2.74)

×
!

+ ✉ + ✉✉ + ✉✉✉ + · · ·
#

where integral represent the folding procedure. The folded diagrams here is defined as the contribution
of the end of the former Q̂-box is placed after the beginning latter Q̂-box. Note that the second factor
is the exactly |χP⟩. Equivalently we can write down the above as follows,

UV(0,−∞)|ψα⟩ =
D$

β=1

UVQ(0,−∞)|ψβ⟩⟨ψβ|UV(0,−∞)|ψα⟩. (2.75)

where UVQ represent the contributions of the first factor in Eq. (2.74). The point is that the divergence
is only appearing in the second factor in Eq. (2.75).

Combining Eqs. (2.68), (2.70), (2.74), (2.75) together,

U(0,−∞)|ψα⟩ = UQ(0,−∞)|c⟩⟨c|U(0,−∞)|c⟩ ×
d$

β=1

UVQ(0,−∞)|ψβ⟩⟨ψβ|UV(0,−∞)|ψα⟩ (2.76)

Then, Eq. (2.67) reads,

d$

γ=1

bλγHUQ(0,−∞)|c⟩UVQ(0,−∞)|ψγ⟩ =
d$

δ=1

bλδEλUQ(0,−∞)|c⟩UVQ(0,−∞)|ψγ⟩ (2.77)

where b(λ)
γ is defined as

b(λ)
γ =

d$

α=1

C(λ)
α

⟨ψγ|UV(0,−∞)|ψα⟩⟨c|U(0,−∞)|c⟩
⟨ρλ|U(0,−∞)|ρλ⟩

(2.78)

Note that there are divergence in the numerator and the denominator and they are canceled out. Then,
the coefficient b(λ)

γ is finite.
Now we define an operator UL as follows,

UL(0,−∞)|ψα⟩ ≡ UVQ(0,−∞)|ψα⟩UQ(0,−∞)|c⟩, (2.79)

meaning that the contribution is linked diagrams.

:Q-box

non-perturbative correction
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given schematically by

Q̂(E) =
! V

E − (
"
ϵa +

"
ϵp −

"
ϵh)int
, (3.20)

where the subscript int indicates intermediate states between two interaction vertices. Note that the
parameter E appears in all the denominators in the EKK method.

To make our diagram rules clear, let us see an example. The diagram shown in Fig. 3.2 is a

Figure 3.2: Core-polarization diagram as a second-order contribution to the Q̂-box. The energy de-
nominator is written as D1 and D2.

member of Q̂-box diagram. The diagram is a contribution from the second-order term in Eq. (2.71).
The energy denominator for the lower dashed line is denoted as D1 and for the intermediate state we
use D2, and the energy denominator of this diagram should be calculated as D1 − D2. Therefore, it
gives the following contribution to Q̂(E)

Fig. 3.2 (EKK)→ Vah,cpVpb,hd

E − ϵc − ϵb − ϵp + ϵh
. (3.21)

If we on the other hand employ the KK method in order to calculate the contribution to Q̂(ϵ0) from
Fig. 3.2, we would get

Fig. 3.2 (KK) → Vah,cpVpb,hd

(ϵc + ϵd) − ϵc − ϵp + ϵh − ϵb

=
Vah,cpVpb,hd

−ϵp + ϵh
(3.22)

where, in going to the second line, we have used the fact that the P-space is degenerate, and therefore
ϵa = ϵb = ϵc = ϵd and ϵc + ϵd = ϵ0.

Two points should be noted from the above example; first, in a degenerate model space, the EKK
result Eq. (3.21) with E = ϵ0 coincides with the KK result Eq. (3.22). This is a direct consequence
of the fact that the EKK formula contains the KK formula as a special case. Second, we can see the
problem of divergence of the KK formula applied naively to a non-degenerate model space. Consider
the case of 18O as an example, and let the P-space consist of two major shells (1s0d and 1p0 f -shells).
The single particle states are taken as the eigenstates of harmonic oscillator potential. Then, the
denominator of the first line in Eq. (3.22) vanishes for b, c, p ∈ 1s0d-shell, a, d ∈ 1p0 f -shell, and
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(A)KK method requires assumption that the model space is degenerate 

(B)Naive perturbation theory leads a divergence in non-degenerate model 
space

Example

Energy denominator is zero 
when εd - εb = εp - εh

We need a theory which satisfies 

(a)The assumption of degenerate 
model space is removed 

(b)Avoid the divergence appearing 
in Q-box diagrams 

→ EKK method as a re-summation 
scheme of KK method

Divergent problem of Q-box in non-degenerate model space
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3.2. Extended Kuo-Krenciglowa method in many-body system 37

3.2 Extended Kuo-Krenciglowa method in many-body system

Here we derive the effective Hamiltonian Heff of the Extended Kuo-Krenciglowa (EKK) method, with
an emphasis on its similarity with the KK method discussed in the Chap. 2.

3.2.1 Derivation of the Extended Kuo-Krenciglowa method

We consider first the general situation where the energies of the valence single-particle states in PH0P
are not necessarily degenerate. In this case, we have to apply the EKK formula Eq. (3.6) to our many-
body systems.

We start from the Hamiltonian in many-body system,

H = H0 + V

=
∑

ϵαa†αaα +
1
2

∑

αβ,γδ

Vαβ,γδa†αa†βaδaγ, (3.11)

We can confirm that, in order to derive Eq. (3.6), we need to change the decomposition Eq. (2.53) of
the Hamiltonian in the KK method. Suppose we decompose the total Hamiltonian into the following
unperturbed Hamiltonian H′0 and the perturbation V ′

H′0 = PEP + QH0Q

V ′ = V − P(E − H0)P, (3.12)

or in the matrix form,

H = H′0 + V ′

=

⎛
⎜⎜⎜⎜⎜⎝
E 0
0 QH0Q

⎞
⎟⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎜⎝
PH̃P PVQ
QVP QVQ

⎞
⎟⎟⎟⎟⎟⎠ , (3.13)

where H̃ ≡ H−E. With the above unperturbed Hamiltonian H′0 in Eq. (3.12), we can treat the P-space
as being degenerate at the energy E, and therefore we can follow the derivation of Eq. (2.86) in the
KK method, to achieve

H̃eff = H̃BH(E) − Q̂′(E)
∫

H̃BH(E) + Q̂′(E)
∫

H̃BH(E)
∫

H̃BH(E) · · · , (3.14)

which is then converted into

H̃eff = H̃BH(E) +
dQ̂(E)

dE
H̃eff +

1
2!

d2Q̂(E)
dE2 {H̃eff}2 + · · · . (3.15)

The point is that the derivative of Q̂-box is the same as derivative of HBH. Since the Q̂-box include
the interaction of QVP,PVQ and QVQ, all the interaction vertices are not affected by the shift of
unperturbed Hamiltonian from H0 to H′0.

2.2. Renormalization of the medium effects 21

1, · · · ,D): ⎛
⎜⎜⎜⎜⎜⎝
PHP PVQ
QVP QHQ

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
|φλ⟩
|ρλ⟩

⎞
⎟⎟⎟⎟⎟⎠ = Eλ

⎛
⎜⎜⎜⎜⎜⎝
|φλ⟩
|ρλ⟩

⎞
⎟⎟⎟⎟⎟⎠ , (2.22)

where |φλ⟩ = P|Ψλ⟩ is the projection of the true eigenstate |Ψλ⟩ onto the P-space. The Q-space
component is written as |ρλ⟩ = |Ψλ⟩ − |φλ⟩. Then we obtain

|ρλ⟩ = (Eλ − QHQ)−1QVP|φλ⟩ (2.23)

|φλ⟩ = (Eλ − PHP)−1PVQ|ρλ⟩. (2.24)

Substituting these equation, we can decouple the equation to P-space and Q-space respectively as
follows,

(
PHP − 1

Eλ − QHQ
QVP

)
|φλ⟩ = Eλ|φλ⟩ (2.25)

(
QHQ − 1

Eλ − PHP
PVQ

)
|ρλ⟩ = Eλ|ρλ⟩. (2.26)

The first equation is exactly the secure equation defined only in P-space and the second one is in Q-
space. For our purpose of obtaining the effective theory defined in P-space, we solve adapt Eq. (2.25)
and introduce the following Bloch-Horowitz effective Hamiltonian HBH defined purely in the P-space,

HBH(E) = PHP + PVQ
1

E − QHQ
QVP. (2.27)

Then Eq. (2.17) reads,
HBH(Eλ)|φλ⟩ = Eλ|φλ⟩, λ = 1, · · · ,D. (2.28)

Note that Eq. (2.28) requires a self-consistent solution, because HBH(Eλ) depends on the eigenen-
ergy Eλ. In the previous section, we saw the case in which we know the exact solution but still we
need to calculate the effective interaction. In this case, however, we do not know the exact solution
generally, because the Hamiltonian in the full space is supposed to have the intractably large dimen-
sion. Therefore, the energy-dependence of the effective interaction is not a desirable property for the
shell-model calculation, and therefore we adopt the energy-independent approach below.

2.2.3 Energy-independent approach

Next we introduce the energy-independent effective Hamiltonian in the P-space. We first choose d
eigenstates {|Ψi⟩, i = 1, · · · , d} among D solutions of Eq. (2.17), with d ≤ D. Then we require that
|φi⟩ = P|Ψi⟩, the P-space component of the chosen d eigenstates, be described by the d-dimensional
effective Hamiltonian Heff as

Heff |φi⟩ = Ei|φi⟩, i = 1, · · · , d. (2.29)

This energy-independent effective Hamiltonian is most concisely described as

Heff =

d∑

i=1

|φi⟩Ei⟨φ̃i|, (2.30)

36 Chapter 3. Extended Kuo-Krenciglowa method

Then we impose the decoupling condition for the transformed HamiltonianH ,

0 = QHP = QVP − ωPHP + QHQω − ωPVQω, (3.3)

which decouples the P-space Schrödinger equation to Q-space.
Now we rewrite Eq. (3.3) as

(E − QHQ)ω = QVP − ωPH̃P − ωPVQω, (3.4)

where
H̃ = H − E (3.5)

is a shifted Hamiltonian obtained by the introduction of the energy parameter E. Equation (3.4) plays
the same role in the EKK method as Eq. (2.42) does in the KK method. The difference is that we
introduce a parameter E and replace PVP by PH̃P. By solving Eq. (3.4) iteratively as in the KK
method, we obtain the following iterative scheme to calculate the effective Hamiltonian Heff instead
of Veff ,

H̃(n)
eff = H̃BH(E) +

∞!

k=1

Q̂k(E){H̃(n−1)
eff }k, (3.6)

where
H̃eff = Heff − E, H̃BH(E) = HBH(E) − E, (3.7)

and H̃(n)
eff stands for H̃eff at the n-th step. The effective Hamiltonian Heff is obtained as Heff = H(∞)

eff , and
satisfies

H̃eff = H̃BH(E) +
∞!

k=1

Q̂k(E){H̃eff}k. (3.8)

The effective interaction, Veff, is then calculated by Eq. (2.36) as Veff = Heff − PH0P. Here the
definition of Q̂-box is the same as KK method, that is,

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP, (3.9)

and the derivative of Q̂-box is

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (3.10)

Let us now compare the EKK and the KK methods. First, and most importantly, the above EKK
method does not require that the model space is degenerate. It can, therefore, be applied naturally to
a valence space composed of several shells. Second, Eq. (3.6) changes H̃eff , while Eq. (2.46) changes
only Veff at each step of the iterative process. Third, in order to perform the iterative step of Eq. (3.6),
we need to calculate Q̂k(E) at the arbitrarily specified energy E, instead of at ϵ0 for Eq. (2.46).

Equation (3.8) is interpreted as the Taylor series expansion of H̃eff around H̃BH(E), and changing E
corresponds to shifting the origin of the expansion, and therefore to a re-summation of the series. This
explains why the left hand side of Eq. (3.8) is independent of E, while each term on the right hand
side depends on E. This in turn means that we can tune the parameter E in Eq. (3.8) to accelerate the
convergence of the series on the right hand side, a feature which we will exploit in actual calculations.

EKK method
New parameter E (arbitrary parameter)

N. Tsunoda, K. Takayanagi, M. Hjorth-Jensen, and T. Otsuka, Phys. Rev. C 89, 024313 (2014).
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For the further decomposition, we introduce two things. One is Q̂-box and the other is folded
diagrams. The Q̂-box is defined as

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP

= PVP + PVQ
1

E − QH0Q
QVP + PVQ

1
E − QH0Q

QVQ
1

E − QH0Q
QVP + · · · (2.71)

which is already appeared in the formal theory of KK method and LS method. The Q̂-box is the
summation of all the contribution of the “irreducible” diagrams. Here the term “irreducible” means
that the diagrams cannot be divided into two pieces by cutting the P-space state by a horizontal line.
Therefore, in the evaluation of Q̂-box, we do not face to the divergence caused by the zero energy-
denominator, if the P-space is degenerate and the unperturbed Q-space energy is different from that
of P-space.

Next, we move to the folded diagrams. Let us consider the diagram which includes two vertices
at t = t1 and t = t2, with t1 > t2. When the state before t = t2 and after t = t2 are the same, clearly we
face to the zero denominator. This divergence can be factorized as follows:

❝❝t1
t2

= ❝t1 × ❝t2 − ❝t1

❝t2
!
! . (2.72)

In the left hand side, 0 > t1 > t2, and in the right hand side, the first term does not have the restriction
of ordering and the second term is the corresponding subtraction of 0 > t2 > t1. Suppose the railed line
is in Q-space and the other is in P-space. Since P-space is degenerate, the left hand side is obviously
divergent. In the right hand side, the divergence is only appearing in the second factor in the first
term. In this sense, Eq. (2.72) shows the minimal example of factorization of the divergence. Our
purpose of implement the factorization theorem and folded diagram procedure is that we factorize the
divergence and cancel them so that we obtain the finite physical results.

Now we come back to the factorization of Eq. (2.70). Both the first and second term include the
divergence. The first term |χP⟩, which terminate at t = 0 as P-space state, is expressed as

|χP⟩ = + ✉ + ✉✉ + ✉✉✉ + · · · (2.73)

where filled circle represent the Q̂-box and the line is the two-body states within P-space. Since we
are considering of degenerate P-space, this leads a clear divergence. On the other hand, the second
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condition, the following solution need the condition of degenerate unperturbed eigenvalues in P-
space. We first explain the KK method [27] for the degenerate model space. Then we explain the
LS method [28] for the degenerate model space. Both methods eliminate the energy-dependence of
HBH(E) of Eq. (2.27) by introducing the so-called Q̂-box and its energy derivatives, resulting in an
energy-independent effective interaction Heff .

2.3.1 Kuo-Krenciglowa (KK) method

In the KK method, we assume a degenerate model space,

PH0P = ϵ0P. (2.41)

Then Eq. (2.34) reads

(ϵ0 − QHQ)ω = QVP − ωPVP − ωPVQω. (2.42)

The KK method provide us a one possible way to solve this decoupling equation. Multiplying (ϵ0 −
QHQ) from the left,

ω =
1

ϵ0 − QHQ
(QVP − ω (PVP + PVQω))

=
1

ϵ0 − QHQ
(QVP − ωVeff) , (2.43)

using the expression of Veff in Eq. (2.36). Then we obtain the the following iterative form:

ω(n) =
1

ϵ0 − QHQ

!
QVP − ω(n)V (n−1)

eff

"
, (2.44)

where ω(n) and V (n)
eff = PVP + PVQω(n) stand for ω and Veff in the n-th step, respectively.

Now we introduce the important operator called Q̂-box as follows:

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP,

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (2.45)

The Q̂-box is clearly defined as an operator act in P-space. Intuitively this quantity stands for the
interacting matrix which the P-space wavefunction having energy E makes excited to Q-space, and
propagate in Q-space, and then makes it back to P-space again.

Then we immediately arrive at the following iterative formula for V (n)
eff :

V (n)
eff = Q̂(ϵ0) +

∞#

k=1

Q̂k(ϵ0){V (n−1)
eff }k. (2.46)

In the limit of n → ∞, Eq. (2.46) gives Veff = V (∞)
eff , if the iteration converges. The first term of

Eq. (2.46) is Q̂-box itself, which means the effective interaction include the effect of virtual excitation

KK method (conventional)

where p indicate product wavefunction.

⟨k1k2J|V |k3k4J⟩p =
!

mi

⟨ j1m1 j2m2|JM⟩⟨ j3m3 j4m4|JM⟩⟨k1m1k2m2|V |k3m3k4m4⟩p (58)

|k1k2J⟩ = N12

!

mi

⟨k1m1k2m2|JM⟩|k1m1k2m2⟩ (59)

N12 =
1

"
1 + δk1,k2

(60)

Therefore,

⟨k1k2J|V | j3 j4J⟩ = 1
"

(1 + δk1,k2δk3,k4 )
{⟨k1k2J|V |k3k4J⟩p − (−1) j3+ j4−J⟨k1k2J|V |k4k3J⟩p} (61)

H = H0 + V (62)

=

#
PH0P 0

0 QH0Q

$
+

#
PVP PVQ
QVP QVQ

$
(63)
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given schematically by

Q̂(E) =
! V

E − (
"
ϵa +

"
ϵp −

"
ϵh)int
, (3.20)

where the subscript int indicates intermediate states between two interaction vertices. Note that the
parameter E appears in all the denominators in the EKK method.

To make our diagram rules clear, let us see an example. The diagram shown in Fig. 3.2 is a

Figure 3.2: Core-polarization diagram as a second-order contribution to the Q̂-box. The energy de-
nominator is written as D1 and D2.

member of Q̂-box diagram. The diagram is a contribution from the second-order term in Eq. (2.71).
The energy denominator for the lower dashed line is denoted as D1 and for the intermediate state we
use D2, and the energy denominator of this diagram should be calculated as D1 − D2. Therefore, it
gives the following contribution to Q̂(E)

Fig. 3.2 (EKK)→ Vah,cpVpb,hd

E − ϵc − ϵb − ϵp + ϵh
. (3.21)

If we on the other hand employ the KK method in order to calculate the contribution to Q̂(ϵ0) from
Fig. 3.2, we would get

Fig. 3.2 (KK) → Vah,cpVpb,hd

(ϵc + ϵd) − ϵc − ϵp + ϵh − ϵb

=
Vah,cpVpb,hd

−ϵp + ϵh
(3.22)

where, in going to the second line, we have used the fact that the P-space is degenerate, and therefore
ϵa = ϵb = ϵc = ϵd and ϵc + ϵd = ϵ0.

Two points should be noted from the above example; first, in a degenerate model space, the EKK
result Eq. (3.21) with E = ϵ0 coincides with the KK result Eq. (3.22). This is a direct consequence
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KK methodEKK method

We can choose E to avoid divergence ! 
Note that the choice of E is arbitrary and should give the same result if the 
Q-box is calculated without any approximation. 
Inversely, E-dependence is a measure of error coming from the 
approximation
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Example: EKK method avoids the divergences
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36 Chapter 3. Extended Kuo-Krenciglowa method

Then we impose the decoupling condition for the transformed HamiltonianH ,

0 = QHP = QVP − ωPHP + QHQω − ωPVQω, (3.3)

which decouples the P-space Schrödinger equation to Q-space.
Now we rewrite Eq. (3.3) as

(E − QHQ)ω = QVP − ωPH̃P − ωPVQω, (3.4)

where
H̃ = H − E (3.5)

is a shifted Hamiltonian obtained by the introduction of the energy parameter E. Equation (3.4) plays
the same role in the EKK method as Eq. (2.42) does in the KK method. The difference is that we
introduce a parameter E and replace PVP by PH̃P. By solving Eq. (3.4) iteratively as in the KK
method, we obtain the following iterative scheme to calculate the effective Hamiltonian Heff instead
of Veff ,

H̃(n)
eff = H̃BH(E) +

∞!

k=1

Q̂k(E){H̃(n−1)
eff }k, (3.6)

where
H̃eff = Heff − E, H̃BH(E) = HBH(E) − E, (3.7)

and H̃(n)
eff stands for H̃eff at the n-th step. The effective Hamiltonian Heff is obtained as Heff = H(∞)

eff , and
satisfies

H̃eff = H̃BH(E) +
∞!

k=1

Q̂k(E){H̃eff}k. (3.8)

The effective interaction, Veff, is then calculated by Eq. (2.36) as Veff = Heff − PH0P. Here the
definition of Q̂-box is the same as KK method, that is,

Q̂(E) = PVP + PVQ
1

E − QHQ
QVP, (3.9)

and the derivative of Q̂-box is

Q̂k(E) =
1
k!

dkQ̂(E)
dEk . (3.10)

Let us now compare the EKK and the KK methods. First, and most importantly, the above EKK
method does not require that the model space is degenerate. It can, therefore, be applied naturally to
a valence space composed of several shells. Second, Eq. (3.6) changes H̃eff , while Eq. (2.46) changes
only Veff at each step of the iterative process. Third, in order to perform the iterative step of Eq. (3.6),
we need to calculate Q̂k(E) at the arbitrarily specified energy E, instead of at ϵ0 for Eq. (2.46).

Equation (3.8) is interpreted as the Taylor series expansion of H̃eff around H̃BH(E), and changing E
corresponds to shifting the origin of the expansion, and therefore to a re-summation of the series. This
explains why the left hand side of Eq. (3.8) is independent of E, while each term on the right hand
side depends on E. This in turn means that we can tune the parameter E in Eq. (3.8) to accelerate the
convergence of the series on the right hand side, a feature which we will exploit in actual calculations.

-20 -15 -10 -5 0 5 10 15 20
E (MeV)

0

5

10

15

20
RM

S 
Q

 e
ig

en
va

lu
es

 (M
eV

)

V
Q(E)
Heff(E)

★ Non perturbative correction vanishes the E-dependecne  
★ Optimum value of E

out of convergence radius 

pole of Q-boxoptimum value



EKK code algorithm

 12Derivation of Veff and its applicationNaofumi Tsunoda (CNS UT) /30

read bare interaction from file

calculate SPEs ~ o(10) elements

calculate TBMEs  
~ o(102~104) elements

calculate folded diagrams

~10 s

~5 s

10 h~100 days

~5 s

所要時間目安 
(single node 換算)
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where
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is a shifted Hamiltonian obtained by the introduction of the energy parameter E. Equation (3.4) plays
the same role in the EKK method as Eq. (2.42) does in the KK method. The difference is that we
introduce a parameter E and replace PVP by PH̃P. By solving Eq. (3.4) iteratively as in the KK
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Let us now compare the EKK and the KK methods. First, and most importantly, the above EKK
method does not require that the model space is degenerate. It can, therefore, be applied naturally to
a valence space composed of several shells. Second, Eq. (3.6) changes H̃eff , while Eq. (2.46) changes
only Veff at each step of the iterative process. Third, in order to perform the iterative step of Eq. (3.6),
we need to calculate Q̂k(E) at the arbitrarily specified energy E, instead of at ϵ0 for Eq. (2.46).

Equation (3.8) is interpreted as the Taylor series expansion of H̃eff around H̃BH(E), and changing E
corresponds to shifting the origin of the expansion, and therefore to a re-summation of the series. This
explains why the left hand side of Eq. (3.8) is independent of E, while each term on the right hand
side depends on E. This in turn means that we can tune the parameter E in Eq. (3.8) to accelerate the
convergence of the series on the right hand side, a feature which we will exploit in actual calculations.

iteration

Chapter 2

Review of effective interaction for the shell
model

In this chapter, we review the various theories of the effective interaction of the nuclear force, focusing
on the renormalization scheme related to the effective interaction for the shell model.

Nuclear shell model is a configuration interaction method, which is based on usually two-body
interactions and single-particle energies.

Nuclear shell model starts from the following second quantized Hamiltonian,

H =
!

i

ϵia†i ai +
!

i jkl

Vi j,kl a†i a†jalak. (2.1)

The input parameter is the single particle energies ϵi and the two-body interactions Vi j,kl. Then, we
calculate the Hamiltonian of many-body states, and diagonalize it to obtain the eigenenergies and the
wave functions.

The creation (annihilation) operators create (annihilate) the nucleons in some discrete orbits. Usu-
ally, these orbits are defined as the eigenfunctions of the harmonic oscillator or the Woods-Saxon
potential, for example. Nuclei have several tens of nucleons typically, which usually give rise to in-
tractably large dimensions. Therefore we have to restrict ourselves to the finite small dimension, to
diagonalize the Hamiltonian matrices. We define a subspace of whole Hilbert space which is called
the model space, where the nucleons can move inside. We also in many cases consider a frozen-core
states like 16O, whose degrees of freedom are killed. As an approximation, the particles are assumed
to move only outside of the core, because these degrees of freedom are enough to explain many
part of the properties of the nuclei heavier than the core. This assumption enlarges the region of the
calculation drastically as well.

Therefore, we have to determine the suitable parameter ϵi and Vi j,kl appropriate to relevant degrees
of freedom. Once we have a reliable Hamiltonian, we can calculate the Hamiltonian of many-body
states and diagonalize it, to obtain the binding energies, wave functions, the strength of the transitions
and the other various useful physical quantities. These parameters are often called effective interaction
for the shell model calculations.
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About 50 diagrams (76 tasks) to be calculated for each TBMEs 
(2116 for sdpf-shell, 6380 for pfsdg-shell)-> MPI parallel calculation 
(master-slave scheme)

Each diagram -> openMP parallel calculation for particle loop



MPI+openMP scaling
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proton only 
tasks=374*76

proton & neutron 
tasks=2116*76

Test case: sdpf-shell 
13major shells 
oakforest (64 core, max 2048 nodes)

# of nodes ~ # of TBMEs までは良い効率で並列化可能 
(グラフでは)



Fujita-Miyazawa three-body force

Three-body force

Virtual excitation to the ∆(1232): lowest excited
state of the nucleons

exchange π meson two times

Renormalization of single particle

energies affected by the Pauli’s

exclusion principle in nuclear

medium

This effect is included automatically
if we consider exchange diagram
(Delta-hole diagram)

→ effective two-body force

→ we call this effective twobody force comes from ∆ hole diagram
FM-twobody force
we calculate the multipole of FM-twobody force in T = 1 channel

Introduction Effective interaction Tensor force Three body force Summary 26/ 32

Adding up effective 2N interaction derived from 3N 
interaction to EKK 2N effective interaction [1] 
This is one of the lowest order interaction from 3N force 
and for higher order we are working on…

Fujita-Miyazawa type 
3N interaction

Effective 
2N interaction

summation with hole state

[1] T. Otsuka, T. Suzuki, J. D. Holt, A. Schwenk, and Y. Akaishi, Phys. Rev. Lett. 105, 032501 (2010).
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3N interaction (Δ-hole interaction)

Derivation of Veff and its applicationNaofumi Tsunoda (CNS UT) /30

main contribution of 3N
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Introduction 

Construction of Effective interaction 

Application to island of inversion (京でやったこと) 

Application to pf+sdg-shell nuclei (ポスト京に向けて) 

Conclusion

/30



Island of inversion
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He
O

C

p-shell
sd-shell
pf-shell

psd-shell

sdpf-shell

• Around Ne and Mg region N=20 major gap disappears. (small 2+ energy for 
even-even nuclei, large deformation, etc…) 

• Ground state is consist of “inverse” configuration, i.e. intruder configuration 
• Can microscopic theory describe this disappearance of major magic number?

http://www.nndc.bnl.gov/nudat2/reCenter.jsp?z=12&n=20

NuDat 2.6  Levels and Gammas Search
Ground and excited states (energy, T1/2,  
spin/parity, decay modes), gamma rays 
(energy, intensity, multipolarity, coinc.)

Nuclear Wallet Cards Search 
Latest Ground and isomeric
states properties

Decay Radiation Search
Radiation type, energy,
intensity and dose 
following nuclear decay

Search and plot nuclear structure
and decay data interactively. More.

Color code Half-life Decay Mode Qβ- QEC Qβ+ Sn Sp Qα S2n S2p Q2β- Q2EC QECp Qβ-n
Qβ-2n BE/A (BE-LDM Fit)/A E1st ex. st. E2+ E3- E4+ E4+/E2+ β2 B(E2)42/B(E2)20 σ(n,γ) σ(n,F) 235U FY 239Pu FY 252Cf FY

Ground and isomeric state information for  32
12Mg

E(level) (MeV) Jπ Δ(MeV) T1/2 Decay Modes E2+ (keV)

0.0 0+ -0.9116 86 ms 5 β- : 100.00 %
β-n : 5.50 %

885.3 1

A list of levels and a level scheme are available

    
   

 
   
    

Tooltips
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 unknown

NNDC ENSDF NSR
Nuclear Wallet Cards

This site is better seen using the latest version of internet browsers. 
Database Manager and Web Programming: Alejandro Sonzogni, NNDC, Brookhaven National Laboratory, sonzogni@bnl.gov 
Data Source: National Nuclear Data Center, Brookhaven National Laboratory, based on ENSDF and the Nuclear Wallet Cards.

N=20



Ground state energies and dripline
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Shell structure in “island of inversion”
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Wave function of Mg isotopes
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31Mg
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Evolution of single particle states
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Ca~Ni isotopes, several magic numbers
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N=28 32 34 40 50

E2+ of even-even isotopes

“Second” island of inversion 
Wider area, larger calculations (ポスト京に向けて)



E2+ of Ca, Ti, Cr and Ni isotopes (preliminary)
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Binding energy and 3N force (preliminary)
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3NF is important for binding energy, in the same 
way as in the case of sdpf-shell



Future direction
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pf+sdg-shell の計算は、ある程度小規模の計算により、うまくい
きそうなことが分かった段階。 

今後と課題 

1. 三体力の扱い 
• Fujita-Miyazawa type だけでなく、カイラル摂動論に基づ

いた他の方法 
• 摂動論の基底の変換(Hartree-Fock basis) 
2. EKK 計算を精密化 
• テストケースでは、13 major-shell だったが、収束にはもう

少し必要　→　ポスト京に向けて、コードをさらに高速化



MBPT is the theory to construct the effective Hamiltonian 
starting from nuclear force. 

EKK method is introduced to derive the effective interaction 
for the shell model which is applicable to multi-shell system. 

As an application of EKK method, the physics in the “island 
of inversion” is discussed in K-computer. 

As a future project, physics in pf+sdg-shell is discussed with 
preliminary results. 

EKK and 3N combination is the powerful tool to explore the 
wide area of the nuclear chart
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Summary and conclusion
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