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Perform a path integral Z = /DUe‘SG[U]

Generate fields U {U} =U:,Us,...,Un

with a probability proportional to =<Vl

VEV of an operator (O ZO

Integrate out quark fields
— / DU / DypDipe= #PYe=5c = / DUDetD(U)e 5¢W)



s DetD Boltzmann weight?



s DetD Boltzmann weight?

75 Hermiticity on lattice
D" = ~5Ds



s DetD Boltzmann weight?

75 Hermiticity on lattice
D' = 45Dvy; wali» (DetD)" = DetD



75 Hermiticity on lattice
D' = 75D, i (DetD)" = DetD

For Nf=2 flavors



75 Hermiticity on lattice
D' = 75D, i (DetD)" = DetD

For Nf=2 flavors (DetD)” >0



s DetD Boltzmann weight?

75 Hermiticity on lattice

For Nf=2 flavors (DetD)” >0

It one Introduces the chemical potential



s DetD Boltzmann weight?

75 Hermiticity on lattice

For Nf=2 flavors (DetD)” >0

It one Introduces the chemical potential
(DetD(u))” = DetD(—p*)



s DetD Boltzmann weight?

75 Hermiticity on lattice

For Nf=2 flavors (DetD)” >0

It one Introduces the chemical potential




s DetD Boltzmann weight?

75 Hermiticity on lattice
D' = ~5 DAys * (DetD)”™ = DetD

For Nf=2 flavors (DetD)” >0

It one Introduces the chemical potential
(DetD(u))” = DetD(—p*)

Treat DetD as an observable = reweighting
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re-weighting technique

DetD
/DU - W DetDw(,uo)B_SG

DetDW ,uo *
Det Dy (1) > O or imaginary
Z
< Det Dy (p10) a{to)

bad behawor

2

Please integrate with MC / dre™"Te™"

o _ll/AImost impossible!

Utilize imaginary chemical potential
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Grand canonical partition function

Za(T, 1, V) = ’If :exp (—% (H _ MN))

for every energy and number of particles

For QCD [FI,N} =40
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Grand canonical partition function

_ -
Za(T, 1, V) = Tr | exp <_T (H _ uN))

: :>*>1 Eyn GXP( 7 | P || E
Fuggcity — r T

expapsion =Y Zq(T,n, V)"  Fugacity ¢ =

B
Q) ~——

Canonital partition function

Zo(T,n, V) = Z <E,n exp (%) E,n>

E




How to extract Zc(n) from Zc(u)?

Z(;(T, s V) - Z Zc(T, 1, V)fn

nN——oo



How to extract Zc(n) from Zc(u)?

Z(;(T, s V) - Z Zc(T, 1, V)fn

nN——oo




How to extract Zc(n) from Zc(u)?

Z(;(T, s V) - Z Zc(T, 1, V)fn

nN——oo




How to extract Zc(n) from Zc(u)?

Zg(T, s V) - Z Zc(T, 1, V)fn

nN——oo

Zo (TnV) = § 36" ZG(T,EV)

10

Change the contour to unit circle & = e/

o




How to extract Zc(n) from Zc(u)?

Zg(T, s V) - Z Zc(T, 1, V)fn

nN——oo

Change the contour to unit circle & = e/

Fourler tr. In Imaginary chemical potential!
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How to extract Zc( ) from Za(u)?

ZG 7:“7 Z ZCTTL

nN——oo

A. Hasenfratz and D. Toussaint

Chbenge the contour to unit circle € = ¢
Fourler tr. In Imaginary chemical potential! /\
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How to extract Zc( ) from Za(u)?

ZG 7:“7 Z ZCTTL

nN——oo

A. Hasenfratz and D. Toussaint

10

Chenge the contour to unit circle &€ = ¢’

Fourier tr. inchemical potential!

Monte Carlo
simulation

27
db
Zo (T V) = | 5oe ™ Za(T. e, V)
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Analytic continuation is perfectly safe for ZG(&)!

Is this plausible? /*\
Yes! \/\

at least for lattice QCD in finite volume

How about the phase transition?

Phase transition is related to zeros of ZG( &)

Lee-Yang zeros!
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Solution = Canonical approach

Fourier tr. In imaginary chemical potentiall

°r df —1in6 10
Zo (T,n, V) = —e Za(T, e, V)

0 27

There are two problems

Partition function Zg (T, €', V) is numerically expensive

Numerical Fourier transformation is difficult.

Frequent cancellation between plus-minus signs

Easy way to solve these two!



Hopping parameter expansion



Hopping parameter expansion

Instability in Fourier tr. is solved



Instability in Fourier tr. Is solved

v

It an analytic form of partition function Zc(€&) Is
kKnown



Hopping parameter expansion

Instability in Fourier tr. is solved

v

It an analytic form of partition function Zc(€&) is
Known

Fugacity expansion of Dirac determinant Det D(¢& )



Hopping parameter expansion

Instability in Fourier tr. is solved

v

It an analytic form of partition function Zc(€&) is
Known

Fugacity expansion of Dirac determinant Det D(¢& )

Want to evaluate Dirac determinant cheaply!



RoppIing parameter expansion

Instability in Fourier tr. is solved

v

It an analytic form of partition function Zc(€&) is

Known

Fugacity expansion of Dirac determinant Det D( &)

Want to evaluate Dirac determinant cheaply!




RoppIing parameter expansion

Instability in Fourier tr. is solved

v

It an analytic form of partition function Zc(€&) is

Known

Fugacity expansion of Dirac determinant Det D( &)

Want to evaluate Dirac determinant cheaply!




RoppIing parameter expansion

Instability in Fourier tr. is solved

v

It an analytic form of partition function Zc(€&) is

Known

Fugacity expansion of Dirac determinant Det D( &)

Want to evaluate Dirac determinant cheaply!




RoppIing parameter expansion

Instability in Fourier tr. is solved

v

It an analytic form of partition function Zc(€&) is

Known

Fugacity expansion of Dirac determinant Det D( &)

Want to evaluate Dirac determinant cheaply!

1 n
expansion in Kk = expansion in e*%
P * = 2(ma + 4)“ P




Hopping parameter expansion

Fugacity expansion of Dirac determinant Det D(& )

1 n
expansion in Kk = expansion in e=*%
P & 2(ma + 4)“ PansIion |



Hopping parameter expansion

Fugacity expansion of Dirac determinant Det D(& )

Lattice QCD Dirac operator
Dy () =1 — 6Qs + ke Qf + ke Q)

1 n
expansion in Kk = expansion in e=*%
P * = 2(ma + 4)“ P




Hopping parameter expansion
Expand TrLogDy (1)

Log (I —rQ)=— > nfn

n

Fugacity expansion of Dirac determinant Det D(& )

Lattice QCD Dirac operator
Dy () =1 — 6Qs + ke Qf + ke Q)

1 n
expansion in Kk = expansion in e=*%
P * = 2(ma + 4)“ P




Hopping parameter expansion
Expand TrLogDy (1)

Log (I —rQ)=— > nfn

Fugacity expansion of Dirac determinant Det D(& )

Lattice QCD Dirac operator
Dy () =1 — 6Qs + ke Qf + ke Q)

1 n
expansion in Kk = expansion in e=*%
P * = 2(ma + 4)“ P




Hopping parameter expansion
Expand TrLogDy (1)

Log (I —rQ)=— > nfn

* Fugacity expansion of Dirac determinant Det D
Meng et al. (Kentucky)

Lattice QCD Dirac operator
Dy () =1 — 6Qs + ke Qf + ke Q)

1 n
expansion in Kk = expansion in e=*%
P * = 2(ma + 4)“ P
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quark hopping need to make a loop for TrQ"

Non-zero winding in T direction

non-trivial u dependence
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quark hopping need to make a loop for TrQ"

Non-zero winding in T direction

non-trivial u dependencé7< ( .

Count a number of windings for each TrQ"
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Winding number expansion
(TyLog Dy (1)

quark hopping need to make a loop for TrQ"

Non-zero winding in T direction

sy NON-trivial u dependencé7< A ( v .

Count a number of windings for each TrQ"

TrLog (I — kQ) = Z TI'Q”
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% Ilwasaki gauge action
% Clover fermion Nf=2

. APE stout smeared gauge link
* Box sizes

B T/Tc K m 7 /m p

0.9 0.67 0.137 0.8978(55)
1.1 0.69 0.133 0.9038(56)
1.3 0.72 0.138 0.809(12)
1.5 0.78 0.136 0.756(13)
1.7 1 0.129 0.770(13)
1.9 1.46 0.125 0.714(15)
2.1 3.22 0.122 0.836(47)
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canonical partition fn. Zc (T, n,V) = |Zc(3,n)[e?P™)

£ =1.9

g =1.3
p=1.1
s =0.9

Low T



Where can we apply HPE?

Convergence radius

S ZuE" =20+ 706+ Do+ -
= HZ 6T+ 20
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