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Quantum Gravity

Question: How did the Universe at the very beginning look like?

Its energy was about 10" GeV (short scale).

Its dynamics was governed by strong gravity.

Physics at short scale = quantum mechanics

Gravitational physics at large scale = general relativity

To answer the question,
one needs to combine two theories in a consistent manner...
—> Quantum gravity

However, naive construction doesn’t work
because quantum fluctuations cannot be handled.

Non-renormalizabe
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Causal Dynamical Triangulations (CDT)

_ - A non-perturbative way to quantise Einstein gravity )

Small scale structure
regularized by CDT

Outcome:
1. 4d de Sitter Universe pops up

(J. Ambjern, Jurkiewicz and R. Loll, 2004)
2. 2"d-order phase transition

(J. Ambjgrn, A. Gorlich, S. Jordan, Jurkiewicz and R. Loll, 2010) |
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Causal Dynamical Triangulations (CDT)

_ - A non-perturbative way to quantise Einstein gravity )

lattice h

Questions:
(1) What’s the field theory at IR?
(2) Matter coupling?

Small scale structure
regularized by CDT

Outcome:
1. 4d de Sitter Universe pops up

(J. Ambjern, Jurkiewicz and R. Loll, 2004)
2. 2"d-order phase transition

(J. Ambjgrn, A. Gorlich, S. Jordan, Jurkiewicz and R. Loll, 2010) &




2d model is a nice playground because...

- (1) CDT can be solved analytically only in 2 dimensions (so far).

- (2) 2d CDT may be a “"good” toy model for 4d CDT.

Recent progress in 2d CDT:

1. 2d CDT and 2d Horava-Lifshitz gravity are in the same universality class.

J. Ambjgrn, L. Glaser, Y. S. and Y. Watabiki, 2013.

2. A generic method for coupling matters to 2d CDT has been proposed.

J. Ambjarn, L. Glaser, A. Gorlichand Y.S., 2012.




Horava-Lifshitz




Zd CDT J. Ambjern, R. Loll, 1998

Lorentzian triangle lattice:

sz'}j:e 8 & - % __)%

?

lattice spacing = fixed

space
9 9 triangulations (T) = dynamical

space g = & (= how to divide geometry by triangles)

time atQ — —agz

Metric path-integral = sum over triangulations (T): /Dg — Z
T

\7

G(lg, ll,t) — Z GiSL(a)

T(ll,lg)

\ﬁ’




Zd CDT J. Ambjern, R. Loll, 1998

Discrete action for CDT:

Si(A;9) = —A [ dzy/—g
l, discretise
S\ T) = =AYty (T)
l, rotation to Euclidian

Sp(\T) = \Y2=2n(T) = An(T)

After the rotation, CDT amplitude becomes

G(la, li;t) = ) e

Area (A) 4a+
#(/\) = n

Lorentzian = Euclidean

S Gy

iSL(OJ) — —SE(CE)

.

~

.

)\ : dimensionless cosmological constant




Zd CDT J. Ambjern, R. Loll, 1998 l
2

G(ly, l1; 1) ZGZQ,M (I,l;t—1) tT
Continuum limit
A=A & €—0
9

8—TG(L2,L1,T) —H (L)G(Ls, L1; T)

Quantum Hamiltonian

A 02
[H(L1) = _Lla—L% + ALl]

Li:=¢ly Ly:=¢ly, T:=ct G(La,Ly;;T)=1lime 'G(ly, ;1)

e—0
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| |

1 |

2D projectable Horava-Lifshitz gravity (HL): i =1 !
: i

jectable lapse

= [ dt do Ny [(1 —[DK? - 2A e |
[SHL / Y [( ] ] i N =N(t) i

1 /1 1 Ny
here  — K = — — —_— N -
w v \/E & N (780"}/ ’_)/2 01 N1 + 73 81"}/)

| {7z, 8),7(y, 1)} = d(z — ) |

\4

“Hamiltonian constr.”” momentum constr.

— 1 7)2 gl
[H /d:c INH + N1H | ] 2 74((1%_))\) oAy, H— _61;1'
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Solve momentum constraint - System reduces to be of 1 dimension

H = / dx [NH + N1 H']

Gauge fixing spatial Diff

H'=0 ie =(z,t)=7"(t)

v

H = N(#) (L(t) i?:(_t)f\j +2AL(t)), L(t) := / dz(z, 1) é>

Quantise the 1d system based on the following action:

2 . " A
S_/dt (4N(t)L(t) _AN(t)L(t)): A:2(1_/\)

(from Hamiltonian constr, A >0 X < 1)
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Quantum amplitude (after a rotation to Euclidean signature): [,
N(t) I T
G(Ly, I T) = | H 0 / DL(t) e SN ®.LE) 1,
where Sp = / dt ( L +f\N(t)L(t)) / : dtN(@t)=T
AN (t)L(t) 0

G(Lg, Ll; T) = <L2|€_TH|L1>

_ / AL Lole | LYG(L, Ly T — ¢) integrate

completeness:

/ AL\ L) (L] = 1
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Quantum amplitude (after a rotation to Euclidean signature): [,
N(t) I T
G(Ly, I T) = | H 0 / DL(t) e SN ®.LE) 1,
where Sp = / dt ( L +f\N(t)L(t)) / : dtN(@t)=T
AN (t)L(t) 0

G(Lg, Ll; T) = <L2|€_TH|L1>

- / AL Lole P [LYG(L, Lys T — &) integrate
compare < i
= G(La, L1; T —€) — 5H(L2)|G(L2; Ly;T)+--- expand

completeness:

/ AL\ L) (L] = 1
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Quantum Hamiltonian for HL

. 0 0 ala—1) - ] " A
—_— — - _ _— A:
[H L — 2057 — +AL

Whatisa?

[Completeness: ][dL]|L><L| = ]LadL|L><L| =1 ]

< =
- /LdL|L)(L|:1 o <L2|L1>=Li5(L1—L2) :CD'::'
—
azo /dL\L)(L|:1 & (Lo|Ly) = §(Ly — Ly) ©"

>
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Quantum Hamiltonian for HL

~ o 9, ala—1) ~ ] + A
— - — 90— — A =
[H L—— —2a + AL

Whatisa?

[Completeness: ][dL]|L><L| = ]LadL|L><L| =1 ]

It

1
- /LdL|L)(L|=1 & (Lallr) = 7-0(Ls — L)

I

< > (DT Hamiltonian for an unmarked loop

a=0 /dL\L)(L| =1 < (La|L1) = 0(L1 — L»)

i

— —> CDT Hamiltonian for a marked loop




Matter-coupled CDT




2d quantum gravity

Trivial classical dynamics:

[ /d2x\/§R=47TX] X :Euler number

x—z x=0® x=—2<‘<‘/@

Gauss-Bonnet’s theorem, 1848

Non-trivial quantum dynamics:

Z =/[Dg] exp [—/dzfc\@ (%RH\)] _______________
S
=3 () [l ey e G

X N A

World sheet of string

— NX [ID A9 = 2d geometry
XX: /[ Q(X)_ —> Liouville gravity




2d quantum gravity

[ Dynamical Triangulation (DT) ] —> Coupling to matters (Matrix Model)

Path-integral in DT = Sum over all triangulated geometries

£—> space/\space
space

[ Causal Dynamical Triangulation (CDT) ] —> Coupling to matters (?)

Path-integral in CDT = Sum over all triangulated geometries w/ causality

= & A

space




2d quantum gravity

Define the matrix integral (®: N X N Hermitian matrix):

{ / dd)e—NtrV(@ where V(qb) _ %qbz - %qu ]

Feynman’s rule

Propagator:
; N 2 ]_ . .
do o, lo—5tr(¢%) — — sl§7 i < k
[ a6 670it Yeg i<
3-point vertices: [ k nm
I N
SN
m J k

Loop: [/ j
0t =N




2d quantum gravity [ Z / DN ]

Vacuum diagram:

( N )\)#(vertex) (i) #{prop) N#(loop)
N
Triangulated surface: 1 dual
1 E
(NM)F (ﬁ) NV = \'NX
4 Y4

—FF—-E4+V #(vertex) = F
/ / \ @ #(prop) = E
% #(face) #(edge) #(vertex) . v, L #(loop) =V




Matter-coupled CDT .. Ambijern, L. Glaser, A. Gorlich and Y.S., 2012.

Matter-coupled CDT can be obtained at least in a continuum limit:

@ special critical point

continuum limit

plain >
J. Ambijgrn, et. al,
2007.
Discretized geometry by DT CDT in continuum limit
@ new multi-critical point
matter continuum limit

coupled >

el
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Define the matrix integral (®, M: N X N Hermitian matrices):

[ /dgbdM@itrU(qb’M)

where

U(6,M) = 38~ A6 — 56 + M~ A/CM S
<

gs: string coupling}

T R T

e
diagram %OOOOC
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Define the matrix integral (®, M: N X N Hermitian matrices):

[ /dgbdM@gstrU((’b M)

where

gs: string coupling}

¢, M) = —¢2 A¢——¢3+ Ly - aimg

Dual picture
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Define the matrix integral (®, M: N X N Hermitian matrices):

where

gs: string coupling}

¢, M) = —¢2 A¢——¢3+ Ly - aimg

N
/C/ X <\»)\K

Sample Hard dimers on
geometry a dynamical lattice
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After the Gaussian integration over M, we find

{/dqbe%trV(ﬁb) where V(g) = 1¢2 — Ao — §¢3 B ;ASC&]

2

In the large-N limit, the so-called loop equation is obtained:

[ g,rsu,v(z)2 —V'(2)w(z) + P(2) =0 J
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One-cut solution:
1 3
w(z) = V'(z) — z k 1 z—b
(9= 3 (V6 - a0

Since w(z) =1/z + O(1) in |z] >> a-b,

oo 1=/ 1
_ Z Og_kz?;—k w(z) = Ntr<z — gb>_ N Z<z e
k=0

where

C3=0,=0C;=Cy = 0, C_{=1 5 equations

r

5 unknowns, {(I, b, M17M2:M3} |

can be determined by 3 couplings, {gs, )\? C}
N
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Approach to the multi-critical point!

{(1, b, Ml, M2} M3} 5 unknowns

{gsa )\; C} 3 coupling constants

+
[C3 =Cy=0C;=0Cy=0, C_;= 1,] 5 equations

v

-
M; = (0 Gravity limit Mo = 0 Matter limit

— (0 CDTlimit
k9’.9* )

l' a new 3'9-order

{gs*a )\*a C*} — {0, \/5/3, —\/5/6} multi-critical point!




Matter-coupled CDT .. Ambijern, L. Glaser, A. Gorlich and Y.S., 2012.

()\a G gS)

Horava-Lifshitz w/c=-22/5
[new, 2012]

(v3/3,~3/6,0)

Liouville w/ c=-22/5
[M. Staudacher, 1990]

Liouville w/ c=0

Horava-Lifshitz

| ) 4 N
W(Z dt) — 1 1
¢ /3 |44 Zc —
Zeat + Nog ) . (Zeat) Lcdt + v 2Acdt)




Where to go

2d CDT has been understood quite well:

[1] A corresponding field theory is the projectable Horava-Lifshitz gravity.
— 2d black hole in CDT K. Hirochi, T. Katsuragawa, H. Suenobu and Y.S.

—> non-projectable HL = Generalised CDT?

[2] Matters can be coupled using matrix model techniques.

—> CDT coupled to Ising model

What is an implication from 2d toy model to 4d world?
—> 4d CDT = 4d (projectable) Horava-Lifshitz?

It seems not... (CDT wjo foliation, S. Jordan and R. Loll, 2013.)

AN /
CDT (global causality) CDT w/o foliation (local causality)




Where to go

At least in 3 dimensions,
CDT and CDT w/o foliation are in the same universality class.

S. Jordan and R. Loll, arXiv: 1307.5469.

Status of 2d CDT:

GOOD: Exactly solvable (w/ or w/o matters)

BAD: May not be a good toy model for 4d CDT

Future directions:

[1] Construct an analytic method for 2d CDT w/o foliation.

T. Tanaka and Y.S. - Generalisation of Matrix Model

[2] Construct an analytic method for higher-dimensional CDT.

N. Sasakura and Y.S. - Tensor Models!!






Summary (2)

W (Zeas) o Ay

Horava-Lifshitz 1
(plain CDT) W(Zear) = Zeat + vV2hort - 2
Horava-Lifshitz 1
coupled to non-unitary CFT | W (Zcat) = 73 1/2 3/2
(CDT coupled to dimers) Zeds + Nogy

Magnetization: dlog A, ~ (C — C*)J |

dg
m . .
Hausdorff dimension: dy = m=2 (plain), m=3 (dimer)




Outlook for 4D CDT - a wild guess

0.8
: 1 J. Ambjorn, et. al,
[ @ | Phys. Lett. B 690.
0.6 |- ' i
[ 15t-order line
0.4 C
< I A ]
02 | ]
i P, 2nd_grder line |
L A: 1 ? { :.\,0-—0————._.____. 1
0k - ! |
: | B o "l'\'_')l"riple point |
j A=127 ]
_0.2 ; [ L T T
0 1 2 3 4 5

Ky

4d CDT: S (’50+6A)N0+&4(N(41)+N(32)—|—A(2N(41)+N(32)

CDT —

1
4dHL:  Sp, = / dtd*z VRN (K K% —NK? — V]h,)




CDT without fOliation S.Jordan and R. Loll, 2013.

Four kinds of possible triangles with space-like and/or time-like edges:

DT (Euclidean)

CDT w/o foliation (Lorentzian)

Global causality vs. Local causality: Space-like edge:

CDT (global causality) CDT w/o foliation /2
(local causality) s

Time-like edge:

= /\V 2 =—af?
\ > Light ray:




CDT without fOliation S.Jordan and R. Loll, 2013.

At least in 3 dimensions,
CDT and CDT w/o foliation are in the same universality class.

S. Jordan and R. Loll, arXiv: 1307.5469.

2d model may not be a good toy model for 4d CDT.

\ Same universalit
7AVA Y
>d CDT LN\ < = >d Horava-Lifshitz
DA 2
V 4
V4
V4
+
V 4
V 4
V 4
//
b NOT Horava-Lifshitz
2d CDT < >

w/o foliation NOT Liouville




Short Summary

2d CDT turns out to be the 2d projectable Horava-Lifshitz quantum gravity:

N = N(t)
A>0 A<

[SHL= /dtdwN*y (1 —N)K? —24A] ] where

continuum l

Projectable

Liouville gravity Horava-Lifshitz gravity

Known Our work




Causal Dynamical Triangulations vs. Horava-Lifshitz gravity
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Solve

03202201200:0, 0_1:1- & M1:M2:0

around small gs
gs = Gye*
Then we find
A= M+AE— A8, (=¢( - %]ie?,
a = a, — Ae, b= a, — Be, 2= Q4 + €4,
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Continuum wave func. of the Universe:

w(z) = 225 (V’( ) — Z a)f /(2 — z—b)

i Continuum limit

w(z) = W(Z)+

Ay = 0. CDT background
G, — 0. Classical limit

Matter-coupled CDT Plain CDT
4 ™) 4
W (Zear) = —— .
cdt 1/3 W ch —
cht + Acét ( t) cdt TV 2Acdt
. Yy, "
1/4 3/4 1/4 V5
Z—cht—OfGS ) A:Adt—’}'G‘s ] A:Adt—aas 51/4\[ ﬁ_g—\/ga



FAQ

Q1. Is the diffeomorphism broken in a lattice approach?

No. Because a lattice gravity is quantum gravity without coordinates.

Q2. Is CDT a background-independent formulation?

It seems No. Because there is a global time direction.

Q3. So, then what’s the status of CDT?

Probably, an effective theory arising from integrating out baby universes.

Integrate out

Gauge fix
>




0. INTRODUCTION

[ What is the IR (field-theoretical) description of CDT? ]

CDT looks like Horava-Lifshitz gravity (HL)...

CDT: Lattice quantum gravity w/ causality (foliation) \

common

HL: Quantum gravity w/ anisotropic scaling (foliation) /,

In our work, we have determined that

[ 2D CDT is 2D projectable HL quantum gravity!! ]




[ space-time = space [time] ]

time

space

—_

7\ foliation (3Ef8)




Causal Dynamical Triangulations (CDT):

AV
oy RSSO
AN




0. INTRODUCTION

[ What is the IR description of CDT? ]

CDT looks like Horava-Lifshitz gravity (HL)...

CDT: Lattice quantum gravity w/ causality (foliation) \

common

HL: Quantum gravity w/ anisotropic scaling (foliation) /,

In our work, we have determined that

[ 2D CDT is 2D projectable HL quantum gravity!! ]




2.2D HL

ADM decomposition:

Nn*0

)

hi j 3D space

4D Einstein (covariant) gravity:

K




2.2D HL

4D Einstein (covariant) gravity: fime

K

[Newton’s constant] [k] =

4D HL (anisotropic) gravity: higher spatial curvature
1 - s
[ S / dtd*s VAN(K K" — AK* = V[hyj)) I L — bt
K
— R~ RN

[Newton’s constant] [k] =z — 3 renormalizable z" — br'




2.2D HL

4D HL:

[SHL _ 1 f dtd®z VRN (K;; K — \K? — v[hij]ﬂ

K

\ 4
2D HL:

[SHL — / dtdzVhN|[(1 — N K2 — 2A] ] KnK" = K?

No higher derivative terms




1. 2D CDT

Triangle lattice (UV cutoff):

Space lattice spacing (€) = fixed

\/ime/\ triangulations (T) = dynamical

(= how to divide geometry by triangles)

space

Metric path-integral = sum over triangulations (T): /Dg — Z
T

G(lz,ll; t) — Z G_AH(T)

T(l1,l2)

—A\n
=E € Wn,14,l5
T




2.2D HL

Quantum Hamiltonian for HL

2 — ~ ~
[H:La—Qaia(a 1)+AL] QI

OL?  OL L 2(1 =)
) 2 T
a=0 <+ dL < H=—-L—+ AL
— OL* S—
—> CDT Hamiltonian for a marked loop
a—lHLdLHﬁ——La—g—QﬁnLﬁL T
N —_— N 0L? OL i

—> CDT Hamiltonian for an unmarked loop




3. SUMMARY

2D CDT turns out to be the 2D projectable Horava-Lifshitz quantum gravity:

N = N(t)
A>0 A<

[SHL= /dtdwN*y (1 —N)K? —24A] ] where

continuum l continuum

Projectable Non-projectable

Liouville gravity Horava-Lifshitz gravity =~ Horava-Lifshitz gravity?

Known Our work Wild guess




3. SUMMARY & CONJECTURE

2D CDT turns out to be the 2D projectable Horava-Lifshitz quantum gravity:

N=N(@

[SHL=/dtde'y (1 —N)K? —24A] ]where
A>0 A<

continuum

Projectable Non-projectable
Horava-Lifshitz gravity Horava-Lifshitz gravity?

Our work Wild guess




3. SUMMARY

2D CDT turns out to be the 2D projectable Horava-Lifshitz quantum gravity:

N = N(t)

[SHL=/dtde'y (1 —N)K? —24A] ]where
A>0 A<

Future works:

(1) Non-projectable HL
= Generalised CDT?

(2) BHin 2D CDT?

continuum l

Projectable (3) What about 4D?

Liouville gravity Horava-Lifshitz gravity
Infinite outgrowth of

; No bab '
baby universes O Dbaby universe

e ———————
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Solve

03202201200:0, 0_1:1- & M1:M2:0

around small gs

4
gs = Gge€
Then we find

5 1-
A=\ + A — A€, C = (s — §A62,
a = a, — Ae, b= a, — Be, 2= Q4 + €4,
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Continuum wave func. of the Universe:

3 1
w(z) = ! (V’(z)—z (z —a)*1y/(z — z—b) — ’LU(Z):EW(Z)—F

235

where

(Acdt + Qﬁﬁcdt + ézfdt) — PA(cht) \/(cht + Acdt)(zcdt + Bcdt)
W(cht) - e

Ao =0  CDTbackground

Gs — 0. Classical limit PUre case

W (Zear) = —— !
cdt — 1 3 W ZC —
cht + Acét ( dt) cht + v 2Acdt

Z = Zegy —aGY%, A=Ay — G, A= Aggy — aGY/*

A=Aq4 +aGY*, B=B8B GL/4 a—i, g_ﬂj 7_16\/5
— cdt 87 s - cdt + (87 s 51/4\/g 9\/5 27\/5




Wilsonian renormalization

If and only if a cutoff theory is fundamental, it should possess

(1) Infinite UV cutoff limit characterized via a fixed point in RG flow:

(A) Gaussian fixed point (GF) —> canonical scaling dim.

(B) Non-Gaussian fixed point (NGF) —> non-canonical scaling dim.

(2) Predictability

Finite number of couplings Infinite number of couplings

- Predictable!! = Non predictable




Summary (1)

2d CDT turns out to be the 2d projectable Horava-Lifshitz quantum gravity:

[SHL= /dtdwN'y [(1—)\)}(2—2/\] ] where N = N(t)

Integrate out Generalised CDT

baby universes*

-

continuum l

Non-projectable

Projectable
Horava-Lifshitz gravity?

Liouville gravity Horava-Lifshitz gravity

Known Our work Wild guess

-------------ﬂ

(*) J. Ambjearn, J. Correia, C. Kristjansen and R. Loll, 1999



2d quantum gravity

Continuum limit:

A_> A —_. & # (trangle) = k (= F) = infinity
€

under the fixed volume V.

This can be realized
by fine-tuning the coupling constants to critical values.

Physical volume:

V — 62()\)]5()\) — EZ(A*)k()\*)

critical value




