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Why Lattice SUSY 7?

Practical reason: discovery of SUSY particles ?
lattice SUSY lattice QCD
N=D=4 lattice super Yang-Mills (string)

What makes exact lattice SUSY regularization difficult ?
exact lattice SUSY regularization possible ?
connection with lattice chiral fermion problem ?
clue for SUSY breaking mechanism ?
super gravity ?



Exact SUSY on the Lattice

A bit of history:

More than 30 years unsuccessful: DpondigNicolai (1977)

Many theoretical and numerical investigations
No realization of exact SUSY on the lattice untill 2003

Later developments:

Exact lattice SUSY was realized only for nilpotent super charge: Q2 =0
Kaplan, Katz, Unsal, Cohen (2003), Sugino, Catterall....

No-Go theorem for Leibniz rule of difference operator
Kato, Sakamoto and So (2008)

New approaches for exact SUSY on the lattice

A) Link approach: noncommutative
D’Adda, Kanamori, N.K. Nagata.(2005,6,8)

HOpf algebra invariance : D’adda, N.K. Saito (2010)

B) Super doubler approach: nonlocal
D’Adda, Feo, Kanamori, N.K. Saito (2011,12)

10 years of Sapporo-Torino collaboration



Exactness of @° =0 super charge (Kaplan, Sugino..)

Part of super charges of extended SUSY

{Qaia@ﬁj} = 20;5("")ap Py

Exact supersymmetry for all superchages
on the lattice



Two major difficulties for lattice SUSY

Let’s consider the simplest lattice SUSY algebra:

{Q,Q} =2H
02 = id — id OF (z) = L{F(z + %) - F(z — 2)}

(a : lattice constant)

(0) Loss of Poincare invariance: discrete invariance ?
(1) Difference operator does not satisfy Leibniz rule.

(2) Species doublers of lattice chiral fermion copies appear:
unbalance of d.o.f. between bosons and fermions



difference operator OF (z) = L{F(z + %) - F(z — %)}
symmetric
O(F(z)G(x)) = + (F(z+ $)G(z+ %) — F(z - $)G(z — %))

=1(Fz+4)-Flx-$) G- 3)+Flz+$)i(Glz+%) -GCx-4)

cancelation

Link nature

Modified Leibniz rule
(A4 pF) (z) = F p) —F(x) (a=1) forward

(A4uFG) (2) = (A4 F)(@)G(@) b Fatn,)(A4,G) ()

= (A4uF)(2)G(z+ny) + F(z)(A4pG) ()



(2) Species doublers of lattice chiral fermion copies appear:
unbalance of d.o.f. between bosons and fermions

Massless fermion === species doublers

Y(@)ivu{v(z + 50) — ¥(z — 5i)}/a

1 aPu __

\/
doubling of fermions

m — 0
R - » o = £1 (helicity)

) d
Continuum: -
dp /p2 +m2 ‘




How do we solve these two
fundamental problems ?

_ Our proposals
A) Link Approach:

twisted SUSY,

shifted Leibniz rule for super charges

Dirac-Kaehler (Ivanenko-Landau) fermions
B) Super doubler approach:

lattice momentum conservation

Leibniz rule is satisfied under ~ product

non-local field theory

doublers = super partners for A) and B)
No chiral fermion problem



A) Link Approach:
{Qai Qpj} = 20i7" o p Py N=D=2 SUSY

Qi = (18 + yHsu + 75§)a. Dirac-Kaehler Twist

1

(Wi = (x + xu 7™ 4+ x ¥ + - ), Dirac-Kaehler fermion

{s,su} = —10u, {S,su} = t€y0"
N=D=2 Twisted SUSY
s> = {5,5} = 5% = {spu,s0} =0,

Continuum — | attice: Ou — Aty

1Q; Qu} — iA:E;L {Qa Qu} — _iﬁuvA:I:u

on a Lattice
(Aiufb) () = £(®(x £ ny) — P(x))



N=D=2 SUSY
{Qair Qg = 20;57H 0Py
Dirac-Kaehler Twist

Qai — (]-Q _I_ ’Y“Qu + 7562')0”: J! — J + R
{Q,Qu} =iAt,  {Q,Qu} = —iewAty

(Wi = (x + xu 7™ 5wy ™ + - Do Dirac-Kaehler fermion

2 - flavour ? — | Extended SUSY suffix

D = x + xpdx? + xpvdxh AN dz¥ + - -

| 24/2 super charges in d-dim.

I 2-dim. N=2
3-dim. N=4 Dirac-Kaehler twisting
y - 2x A-dim. N=4

#boson = #fermion



New Ansatz:
(Atp®) (z) = Ay p®(z) — B(z+np)Ayy

We need a modified Leibniz rule for €4 too ! Q/A/
SA(I)(wag) — QA(I)(CU, 9) — (I)(QB—I—GA, Q)QA T

{Qa QLL} — iA—HL {Qa Q[,L} — _iep,vA—V

a-+ay = +ny a—+ ay = —leuu|nu

Compatibility of Shifts

T+ ap

({Q4:QB}®)(®) = {Qa, Qp}Y2(x) /NI
—®(x+as+ap){Qa, QB} Qp Q4 e

33—|—G,B



Cond. for Twisted N=D=2 a N\

a -+ ap, = ‘|"np, ® Symm. Choice
-~ . A1+T2
a+ay=—|eu|ny as a
Solutions J_L « >< >
. . —ng +n1q
a = (arbitrary) o a
a, = +nyu—a v—"2
a=—ny]— nota * Asymm. Choice
a+ay+az+a=0

Twisted N=D=2
Lattice SUSY Algebra

{Q’ Q”} = t1A4p Equivalent to orbifold
{Q, Q”,} — _iEHVA—V construction: Q2 =0

by Kaplan et.al.



This solution has three dimensional nature even if
It Is two dimensional lattice formulation.

a = (arbitrary)
a,j — —|—nu—a

a= —mn] — nNa+a
a+a;+az+a=20




N=D=2 Twisted Super Yang-Mills

Introduce Bosonic & Fermionic Link variables
(Atp)ztng,e = FULp)otn,z
(QA)az—I—aA,:c — (VA):B—I—CLA,:L‘

Gauge trans.

T+ap

(uzl:u)’ — Gw:l:n” (uzl:u) G;1 14 V/A/Ll
_ — +
(VA), = Gztay (Va) Gazl — —

r—mny €T ZE—}—n“

s
; (1)
PY (u:I:u)a::I:'n,J,,a: — (eﬂ:Z(Au:l:’qu H ))215‘:':71“,337

dWM) (n=1,2) : Scalar fields

In SYM multiplet
e UppUU_p # 1

-




N=D=2 Twisted Lattice SUSY Algebra for SYM

4 ] I
{v, Vu}a:—l-a—l—au,m — “’L(u—ku)aﬁ—l—nmw
{ea Vu}a:—l—&—l—au,:c — “ieuv (u—u)a:—n,,,a:
otherst = 0
o { } %

{V, Vu,}a:—l—a—i—au,ac

= (V)w—i—a—l—a”,x—l—au(vu)w—l—a“,m T
_l_(vu):c—l-a—l—au,w—l—a(v)a:—l—a,a:

“Shifted” Anti-commutator



Jacobi Ildentities

[Vu{vm V}]x+au+nu,a¢ + (cyclic) = 0,

-
[Vuau—l—v]a:—l—au—l—ny,zc + [Vuau—l—u]w—l—ay—l—n“,a: = 0,

Define fermionic link components

[Vu,u+v]ac+au—1—n,,,zc = _Euv(p)a’:—&,a: ’
] \*/ | \A/ | \Y 4
. : s = s | K ~ F#
Auxiliary Field N 47 2 =,
e />éf A = />é\vA B
1 £, 2| P, M2
K = §{Vus )\H} \g P Al\% o Al}f_*’
S A ps | Nx2| 5,7
A\1\2 /p A}\ /?) Az
u:|:2 = />g\ A ~ /)é; B
p 2
N K/p A\1\ Kp/p Al_QK_ s
;«_ Ui | S




Twisted N=2 Lattice SUSY Transformation

sale) = [Vaspletas+ape Z ; g } Z,f zj/:{?izi M—pa _P& ; —)\gu IO{
s 8 Sp
Uy, 0 +evpAp —€uP
U_, —Ay 0 —Opuwp
N 0 0 —i[ Uy U—)] + Oy (K + E[ULpy U_p))
P —%[Uﬂ;, U_p] — K ‘i‘%ept?[u—wu—a] 0
p | —sepolUipUic] |+5UspU_p] — K 0
K +5Us s M) —%€polU—ps Ao] ~5[Uips Pl = s U, A

Twisted SUSY Algebra closes off-shell

{s, Su}(w)m—l—%,w

{3, Su}(‘P)era(p,a:
s (V) a+ape

{s, 5} (P)z+ap,

+iUs s Platap+nue
+iepv [U—vs Platay—ny,x
52(90)33+a¢,a: =0

{Sua SV}(SO)a:Jracp,m = 0



Twisted D=N=2 Super Yang-Mills Action

Action has twisted SUSY exact form. —» Off-shell SUSY invariance
for all twisted super charges.

1 N
5 Z Tr sss1so U Uy,

x
SB + SF
Z Tr{ u‘H“ u—ﬂ]iﬂ a:[u+y, u—u]a: r+ K

S

1
—ZEMUEPG [”4_”, u—i—v]a’:,w—n“—?’bv [u_p, u—o']az—np—ng,iﬂ

Sp = Z TIr [_":[u—i—ua Au]zc,ae—a(ﬂ)a:—a,af;
T

— i(ﬁ)w,az—l—&euv [u—[.u Av]w—l—&,w]



Bosonic part of the Action

Z TI'[ u—l—p,a u—u]:‘c a:[u—H/a u—u]a; r+ K

1
_ZEMVEPO' [u—}—[,l,ﬁ u—l—V]ﬂ?,ﬂc_nu_nV [u—p9 u_0]$_np_ng’m

" T+ "o u_1 T+11+79 U_l
¢ ¢ > >}
Uy
A A
Z/[_2' Z/{+2 L(_Q,, L u_|_2 Z/{_Q 'A Z/{_|_2 U—ZV u+2

U_1 U_1
& e > ® > @ @ s
T Ui T Uy z+m T T Ui



Fermionic part of the Action

Sp = ZTI‘[—’i[u—|—uaAu]w,w—a(ﬂ)aj—a,az -+ (1)

— i(ﬁ)w,a:—l—deuv[u—ﬂ9)\V]a:—l—&,.:c = (2)

(1) (2)
z/l—l—l »::: €T N (O U_1 &X €T
«
. // p //’V\\ Al \\ //'. ﬁ //"\\ Az
AN, P T N PN B AN
\\‘ K \ ., ,
» L V2 & 2|




Higher dimensional extension is possible:

Twisted D=3,N=4 Super Yang-Mills Action

S = —|—Z$ %51528182 tr Uys Uys = —Zx 5853583 tr U_3 U_3

=Yt | 30U U lealUps, U)o + K2,

1 —
o §[U-|—ua U—|—I/]$,IIC—TLM—TLV [U—ua U—v]x—nu—ny,x + G:v,:c—|—6—an+E—a,a:

‘|'Z'(Xu)m,x+5p, [U-I-w P]HEW&C +i()\ﬂ)w,w+% [U-I-ua ﬁ]x+ap,$+EMVp(/\u)x,$+au [U—w Xp]x-l-amw



Higer dimensional extension is possible:

® Integer sites

© Half-Int. sites

3 dimensions

Z’{i 2

3-dim. N=4 super Yang-Mills



Noncommutativity needed for link approach
Qa(91(z)d2(7)) = (Qad1(z))p2(x) + d1(x + aa)Qad2(x)

Qa(p2(z)p1(z)) = (Qad2(x))1(x) + d2(z + aa)Qad1 ()
When ¢1(2)¢2(z) = ¢2(z)¢1(z) “inconsistency ?”

but if we introduce the following “mild non-commutativity”:

(Qadi(x))j(x) = ¢j(r+aa)(Qadi(x)) i,j=1,2
then Qa(61(2)2(x)) = Qa(da(2)e1 (x))

In general  ¢.(x +b)dp(x) = ¢p(x + a)pa () T+ a

r+a+b Ox

T+ b



Algebraic consistency of Link Approach

1) Modified Leibniz rule:
(Ap®) () = Appy®(z) — R(z+nu)Aqy
sAP(z,0) = Qa2(x,0) — P(z+as,0)Q4

2) Shifted anti-commutators

{V, Viutetatapye = (V)etatapzta,(Vu)etayx

+(Vu):c—|—a+a“,a:+a(v)a:+a,:c
3) non-commutativity

(Qagi(z))pj(x) = ¢j(x + aa)(Qagi(x)) i,j=1,2

Hopf algebraic consistency

(D’Adda, N.K., Saito, 2009)



Lattice super algebra as Hopf Algebra

Anzats: How do we look at modified Leibniz rule ?

Qa(d1()p2(x)) = Qapr(z)pa(z + an) + (—1)¥lo1(z + ax)Qapa(z)

multiplication m(p1(x) X p2(x)) = p1(x) - p2(z)
operation Qa| > ¢(x) = (Qayp)(x)
co derivative A(Qa) =Qa X Tuy + (—=1)"Tu, x Qa

braiding \I’(Q’bl < @2) _ ¢52 % ¢1 (TaA‘P(x) - SD(QS—I—CLA))

Qal > (p1(x) - pa(2)) = m(A(Qa)] > (w1(z) X @2(2))



Summary of Link Approach

1) For D=N=2, three dimensiona space Is suggested
for the lattice space. In fact fermionic links are not
In the space.

2) Totally different derivation of Kaplan’s exact lattice
SUSY (a=0). No orbifold condition used.

3) Hopf algebraic exact lattice SUSY invariance is
realized.



Remaining one problem in this approach

After v, operation to a gauge invariant quantity,
gauge variant terms appear ?

vA(gbl to gbn)x,x — (qubl T ¢R)$,$+GA gauge Va”ant ?

(Uiu)l — G:vinu (uﬂ:u)G;1

(Va)' = Gotn, (V)G

Vi =Va

No-gauge invariance in the fermionic direction
“since it is the extra dimention ? *



B) Super doubler approach

Difficulties Solutions
(1) No Lelibniz rule algebraic construction
In coordinate space with lattice momentum

Qz—zsmap =5

6(Pr+p2--°)

Q*=P=id —

new * product
Leibniz rule on * product

. : Doublers as
2) doublers of chiral fermion |::>
(2) super partners

No chiral fermion problem !



Basic |Idea The simplest example (D=N=1)
Q? =i —> translation generator of

\ half translation generator ¢

a id T =ng > %m =n
— O C ] C o>
2 @ role of supercoordinate
O(z) = Va | 1)% :{ pla) [@=3)
D=e@+ T EV VO TV L Fe) @=m+ )




D=1 N=2 Lattice SUSY

Yomna g €P(=1)TP@) =9 (p+ ) = v (p - )

alternating sign === species doubler

[N
N[~}

51®(p) = icos LaW(p) )= —i¥ (%= - »p) 52®(p) = cos LaW (2 — p)

4
—— .
61¥(p) = —4isin " a®(p) 32U (% — p) = 4sin Fad(p)

N=2 lattice SUSY algebra

01 = a@q, 02 = a@)2 ~a f\%ﬂ .
QT = Q3 = 2sin %, {Q1,Q2} =0 ‘/ D’@N




Lattice super derivative

ap ap .o AP ‘1 P _ ne AP i ap
COS4 — COSQCOS4, SlIl4 — COSQSIH4

D1 ®(p) = icos % cos FY(p) {D2 (p) = cos % cos PU(5T — p)

DY (p) = 4icos "’2p sin ¥ ®(p) Dy U (38 — p) = 4 cos “E sin 2P (p)

Chiral lattice SUSY algebra (D=1,N=2)

QR+ = 1(Q1 £iQo) Dy = 1(Dy +iD,)
{Q—HQ—}:ZSinaQ_pv 3-:@2— =0

{Dy,D_} = —2cos* Lsin®, D7 =D?=0

o
[Q:.D:) 5 1Q:.D=) = 0

No influence to the cont. limit




Chiral Conditions truncation of

species doub. d.o.f.

D_®(p) =icos Lcos i {T(p) — T (22 —p)} =0
Y
rescaled field ! |g(p) = 2@, i 4o (2
scalea e | o #(p) = $(p) = ¢ (22 — p)
(5
?p) = ¢ (__p) 0 20 (p) = W(p) £ ¥ (2 — p)
Q.+ Q-
o) (p) W) (p) 0
chiral | ) 0 —2isin o) (p)
o) (p) 0 1w (p)
i G D O =D U =
anti-chiral g, signarswe o + +

0



ro|2

The meaning of [s(») = 2%

O(p) =32, et 0(x)

P dmy — ipx i nt4 2 '
(p+=E) =>_ eP%e a 2+4)(I)(x):—zmezp‘”<1)(:r):—(f[)(p)

b(p+ 4T) = Pp+iFE) . B(p) _
( a ) COS %(p_|_4_7r cos & _qb(p) ((I)(p-l— %ﬂ-) — q)(p))




Exact Lattice SUSY action for N=2 D=1

Super charge exact form === exact lattice SUSY invariant
{Q-I-aQ }—QSlIlazp’ Q?F:QZ_ZO

S = [ dpr -+ dppd(pr+---+pn) (IT)=s cos %) QQ {6 ()6 (p2) -+ ) (p) }

apj

= [dp;---dp,o(p1 + +pn)sm iy (H;" ) COS_@)

COs ——

{25in% 921 B (py)B(p2) - -+ B(pn)+ 27 sin D=L (p) )T (po) B (ps) -+ B(pn) )

lattice momentum conservation

pi = 2sin % dp; = adpcos “5  integration range [T, 27]



n=4

25in? 2L B (p;)P(po)B(p3) B (pa) + 2 sin L2221 G () ) (p2) B (p3) P(pa)

~ ot + [P D]+ ©?D? 4 pD? 4 D* 4 [p10o 0|+ ¥19apD 4 h11hy D?

N —

In the continuum only these terms appear !

b=

1] =[2] =0, [p]=L>, [D]=L">



New * product and Leibniz rule
(coordinate rep.)
New star % product p = 2sin 92

(F *G)(p) = [ dp1dp2F (p1)G(p2)d(p — p1 — p2)
(F*G)(x)=F(x)*G(x) = [dp e™""* (F x G)(p)

(x=ng,y=m35,z=1%)

= 2 [ drTnsa(T) Y Tz (7) T (T) F (y) G (2)
n(,r) — % jﬂ'—l-ﬂf ei(nB—TsinB)dQ
Leibniz rule in lattice momentum space

p(Fx*G)(p)= [ dpy dpa[p1 F(p1) G(p2) + F(p1) p2 G(p2)]6(p — p1 — P2)

Leibniz rule on * product (coordinate rep.)

i0(F(z) * G(z)) = (i0F (z)) * G(z) + F(x) * (10G(z))



N=2 Wess-Zumino model
In two dimensions

Y= (0%, 07)
N=D=2 algebra: {Q.:,Qs;} = 206;;(7")apPy
Light cone coordinate
.71 =ry, W, Q9 =r.,
Q)2 = (@) =0 (@)= (@) =0

2-dim. = (1dim.) x (1dim.)



¢ 4 has 4 species doublers

® g s

truncation needed

¥

chiral conditions

e



¢ P
28 Fu

n,meZ

L= \Ty,T_




D=N=2 |lattice SUSY transformation

QY Q) Q" QY
Chiral o(p) i1 (p) 0 ith2(p) 0
¥1(p) 0 —2isin “5o(p)  —F(p) 0
v2(p)  F(p) 0 0 —2isin T e(p)
F(p) 0 2sin “5= 42 (p) 0 —2sin =4, (p)
W o Q™ QY
Anti-chiral o) oo 0 (o)
U (p) —27sin %gﬁ(p) 0 0 7F(p)
Ja (p) 0 Flp)  —2isin®=o(p) |



Wess-Zumino action in two dimensions

Super charge exact form === exact lattice SUSY inv.

Kinetic term
Sk = [ dppdp_didq_o(ps +41)0(h- + 4-)QY QTR QT {6(p)é(9)}
= [ dpydp_ddydq_o(py +G1)5(p- +q-)
[—46(p) sin “4= sin 2= ¢(q) — F(p)F(q)
+2¢(p) sin “HE4pa(q) + 2901 sin “G=1b1(q)]
Interaction term
= [ dp1 - dpad® By + -+ 5n) QT QT {B(p1)p(p2) -+ $(pn)}

— [Z?:l iF(pj) Hl(;éj) o(p1) + Zj,k;j;ék Y2(p;)¥1(pk) Hz(#,k) o(p1)]



N=2 Wess-Zumino actions in coordinate

« product actions in two dimensions

Kinetic term
S = .. {~46(x) x 0.0 6(x) — F(x)  F(x)
+2¢5 () * Oy 1o () 4 201 (x) * b1 (x)}

Interaction term

St = Yu, o {iF (@)« (6(2)" " + (@) * Y1 (2) * (¢(2))" 7}

SUSY algebra with Leibniz rule is satisfied on * product !



1) Is the SUSY realized in the quantum level ?

2) How does the non-local nature influence to the
physical quantities ?

Check of the Ward-Takahashi identities

3) Does the translational invariance recover in the
continuum limit ?

Numerical check !



Exact lattice SUSY at the quantum level

Asaka, D’Adda, N.K. Kondo (2013)

One loop Ward-Takahashi Identity:

Example:

< wl(p)w ( p) >1— loop +p—|— < Cb( )5( p) >1—loop

= [< Y1) (=D) >tree +h4 < S(D)B(—D) trec] AN, (p) = 0

< 'l,bl( )w ( ) >tree= g(—;a) < qb(p)a(—p) Ztree= ﬁ;)




< wl (p)wl(—p) >1—loop —I—ﬁ—i- < Qb(p)a(—p) >1—loop

(< V1)1 (=p) >tree +D+ < S(P)P(—P) >tree) X (p) =0

14:./ 2m)227)2 D(ky)2D(k2) ] @M D(k)D(ky — k)

Loop diagram X(p)
1
m s PP +m? o
_Ggi IQ I — / dki dk3 1
\_/ D(p) J (2m)2 (27)2 D(Jey) D (ko) D(p — ey — kz)’
o 42P4P +m? P L WL S —
@— 1631';2;;51 IHD - : 9 ’ [ (2m)2 (2m)2 D (k1) D (ko) D (k1 + p)D (s + p)D(ky — ko)
(P) Py d2hy k2 m? A2 1

APpLp— +m
843 . 14
D(p)

loop W.l. — tree W.I.



2 points functions for 2d Wess-Zumino

< ¢p(0)p(d) >
eV avd .
E. Giguere, N.K. 2013
0.095 -
0.075 -
¢ No interaction
A Weak interaction
0.055 - X Strong interaction
= Analytical
0.035 -
0.015 -
X
X X %
T T T T T T + **‘_I d
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-0.005 ﬂ)



0.25 ~

0.2 4

0.15 -

0.1 -

0.05 -

-0.05 -

-0.1 ~

-0.15 -

Ward-Takashi Identity for 2d Wess-Zumino

1-0.2




Investigations of Ward-Takahashi identities of
Wess-Zumino models in one and two dimensions
by cut-off model has also been studies by

Kado and Suzuki, Kamada and Suzuki..



Translational variance of value of three point function
with fixed lattice distance

=

N e .
\\\ e i e
0.0009 AR e e
0.0008
0.0007
0.0006 L LT 1T
0.0005
0.0004
0.0003 #5146
%5141
0.0002 %5136
25131
0.0001 %5126
0 %521
13 %5116
5 7 9 11 13 15 17 %5“11
19 21 23 o5 27 29 31 %J5l6
33
35 37 39 41 43 4 %51

47



Recovery of translational invariance

(E. Giguere, N.K. 2013)

In a

-1.6

-1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 )

A
\9)

/.
O

E—

In o



Can we generalize this formulation to
super Yang-Mills ?

* Breakdown of associativity:

(1 % (P2 % 93))(p) # ((P1 * P2) * ¢3)(p)
(b1 % (P2 % #3))(p) = [ dp1dqe1(p1)d(D — p1 — q)

X ([ dp2dpsda(p2)ds(ps)d(§ — p2 — P3))

(2) pi| <2, |p1+p2| <2, |p1+p2+ps <2

(3) il <2, [p2+ps[ <2, [p1+patps <2



|}61| < =
a,nd i — |
|p12| |ﬁ1 ﬁ2| < 2.
a’

Ll

(1)

(3)

il
o



Non-locality does not seem to cause problem.

Translational invariance is recovered
In the continuum limit.

Even though associativity is broken, well established
product is enough to define Wess-Zumino models
since SUSY transformation is linear.

Immediate extension to gauge theory is not possible
If associativity Is broken.

Gauge invariance will be broken by the breakdown of
associativity since gauge transformation is non-lineatr.

However we can recover the associativity.



non associative
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Continuum to lattice projection

Non-local
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» has nice derivative structure !

p&—D

T = ng <— z(continuum)

generalized bolocking transformation
of Ginzparg-Wilson type



A proposal for
an alternative solution to chiral fermion problem

1) Introduce half lattice ..... introduction of
double d.o.f. per dimension

2) Truncate fields d.o.f. into half by identification
of species doublers for bosons and fermions:

(p) = (3 —p) <> B(x) = (-1) ¥ B(-2)
same chirality for species doublers

3) Replace the momentum conservation by

IA’}: 6(1/\51 ‘|‘ZA32 +I¢53‘|"")

non-local field theory



2 dim.
T O(—z) vz

i

Because of boundary in the first quadrant region
translational invariance is lost but recovered in the limit




Summary for Exact Lattice SUSY

A) Link Approach:
Hopf algebraic exact SUSY invariance
Non-commutative super Yang-Mills theory

B) Super doubler approach:
Exact lattice SUSY on a new starx product
Non-local field theory

No chiral fermion problem:
Species doublers are super partners.

Higer dimensions, gauge extension of B)



