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Some historical roots to interdisciplinary reaserch

1975: Search for quantum—classical correspondence
Suzuki—-Trotter decomposition (M. Suzuki)
Quantum Monte—Carlo simulation

1980 — 1990: Development of strongly correlated electron physics
Quantum Hall effect, GMR manganite

High—-Tc superconductivity (Bednorz—Muller, 1986)

Conformal field theory (1984)

1990-2000: New theoretical & numerical approaches
DMRG (S. White, 1993)
AdS/CFT correspondence (J. Maldacena, 1997)

2000-2010: DMRG meets with Quantum Information
2009—present: close communication among various research fields



Demands for Numerical Techniques

Familiar techniques

(1) Exact Diagonalization: only for small clusters

(2) DMRG: quasi—exact for large systems, but only in 1D

(3) Quantum Monte Carlo: powerful, but negative sign appears

New concept coming from quantum—information community (2004)
-  ‘Quantum Entanglement’
Field—theory side: universal scaling of entanglement entropy

DMRG: Density Matrix Renormalization Group
—> But Variational Method rather than RG
— EE is crucial for variational reformulation of DMRG !

DMRG—-based variational approach is still promising for 2D cases,
If we could take account of proper entanglement structure.



Strongly Correlated Electron Systems

Competition among itinerant and localized characters of electrons
- high—Tc, Manganite, Heavy Fermions, Organic, and many

Hubbard model
H = _Ztij (CT,GC,-,GJF H .c.)+U an Nil
. i

1, ],0

t—J Model:large—U expansion of the Hubbard model (J=4t2/U)
H = _Ztij (E?:GEj,a+ H -C-)+ J Z§. ' §j

I, j,o <i,j>

V-t model
H = _Ztij (Ci+Cj +H .C.)—I—VZni Ni1
i ] |



t—J model for high—T_ superconductivity
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Half Filling (Mott Insulator) Doping (Superconducting)
A Eexchangez +3J

High resolution ARPES & Neutron A Ehopping™ —t



Total system= X+Y: “Superblock”, “Universe”

v)=Swleyely) 0

Density matrix for subsystems X and Y

Px =Try W><W

Py =Trx W><W
Entanglement entropy
Sx =—Trx (o« log py)
Sy =—Try (py log py)

Entanglement entropy = Log. of correlation function
- We can directly pick up exponents in critical cases




Singular Value Decomposition

Singular Value Decomposition (SVD) of W
w (X, ¥) =2 U VAV (Y)
|

A :singular value (non—negative, uniquely determined)

U, (X),V| (y) - (unitary matrices, various choices)
Py (X X) =D (X y)r" (X, y)=D"U () AU (X)
y |

oy (Y, Y) =D w(% Yy (% y)=>Vi(Y) AVi(Y)

Von Neumann Entropy = Area—law scaling

Sx =—> Alog 1, =Sy A=A A
| |



Area—law Scaling for Entanglement Entropy and its Violation

* CFT Analysis, Numerical Study, ---
Gapped 1D, general d>1 — Area Law Scaling

S=a |+
1D Critical, Systems with Fermi Surface: Log. Violation of Area Law
1
S=7CL" og L+

C :Effective # of Excitation Modes (Central Charge in 1D)

Topological Entanglement Entropy (d=2)
S=al—-log~D
* MPS (d=1) = very good for gapped cases

* We need X =O(N) for critical cases. 5 B 1 log
T M2rc+l




Entropy (A= 1)
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What is quantum entanglement ?: the simplest example

S=1/2 Heisenberg Antiferromagnet (2 sites)

H=Jg,-§,= ;(sfsg+s;sz)+3 SiS3
T,

TR

Basis set: ‘

1
(% o o o) [0=7(TH-[1)
J J 3
O —— — O =
H = 4 2 =0 4J
0 Jo_Jd 0 .1
2 4 S=—0
O O 0 J °
\ 4 )



General variational function A B, C, D: Non—local
=ATT) +BT)+CNT)+ DA

- Minimize E = <w‘H‘w> /<W‘l//>

Local Approximation al,al, ¢!, cl:local

)= Sl;ia“\ 51) ® SZ_ZTLCSZ |s2)
~(a'|T)+a[4))e | 1)+ct V)

— M) el M) at e[ +at et L)



The local approx. cannot describe the singlet.

)= Za&\SD@ ZCSZ\Sz>
—a CT‘TT>+a c‘L‘T\L>+a¢CT‘\LT>+a c¢‘¢¢>

TeT=0
‘O> = LQT\L>—‘\LT>) an C¢ =0 No solution !
J2 N |
¢(;T =—1/~/2

w)=|1)®|2)  Product state
Pr= Trz‘W><W‘ = ‘1><1‘ S1=—Trio; log L1~ 0

Local Approx. 2 No Entanglement = How to recover it ?



Vector product state

‘W> = Zasl c%?|s, SZ> — Z A31CS2 S1 Sz> C82 B [szj

This looks local decomposition, but A and C get entangled !

Introduction of additional index that represents entanglement

v)-5| Taslsie Tcdls|

=1

— (8.1 C:1 + a2 Cz)‘ TT> + (al Ci{ ta Cz)‘ TJ,>
+ (al ol +asc )‘ ~LT> + (a1 ol +asc )‘ ¢¢>
ai =2 =a: =i =0 lw)=|0) Exact fory =2
az C2 1/\/_ y )
al C1 =-1/+/2 Al =(x,y), A" =(z,w),C’ [XWVZ}C¢ — {mzyzj

YZ—XW YZ—XW




Matrix Product State (MPS): DMRG optimizes MPS

MPS for open boundary cases (vectors on two edges)

)= > (s|AzAP---As,)

{511321""Sn}

AL A Al Ak A YW At A ‘59

@@@C@

/A\jj X XX matrix, X : unphysical, artificial degree

5152"’3n>

S j =T physical degree

Matrix = projection of unphysical degree on physical one

l

What is unphysical degree of freedom ?

W :product of local matrices — non—local correlation



MPS for periodic n—sites system

|W> = Ztr(Afl A§2°”Aﬁ”)8182’”8n>

{152, " 8n}

Trace = rotational invariance in the n=>©0 limit




Numerical optimization of MPS: Generalized Eigenvalue Problem

‘W>:ZAaBﬁ‘aﬂ> B = fix
a,p

A = variational parameters

(wHlw)= > (5|(A"B°)H(A*B?)apB)

a.foy.S (
= y5| A;BH AF Bl |ap "
aﬂzﬁg AjBjH A Bf|ap) A A
=ZZA§(Z<75B‘,5H B.ﬁam] A k
a,l v, ] [,0
= A Herr A (w|w)= A" Net A
A = fix




Variational optimization of MPS for Ising chain (critical, c=1/2)

T T T
1 cycle of ] | . d I
periodic chain Smg mO e_
10k 1D, periodic |
L=40
w=0.8
m=8
=
LL]
-30+
0

# of iterations

WAnew + (1_ W) Aold — Anew

Ising (classical) = no quantum entanglement
Small m is enough for sufficient numerical accuracy for G.S.



Variational optimization of MPS for S=1/2 Heisenberg chain

I T I T I
Heisenberg model
1D, periodic
-20F L=40 T
. w=1.0
m=2
—_
~3 m=4
ui -40F m=6 e
m=8
N m=1
-00+
— L ! L —
exact ™5 20 40 60 80

# of iterations

We need large m for critical cases



Critical system (S=1/2, (a)) and Haldane—Gap system (S=1, (b))

-1.76F (a) 1-1.361 (b) -
-1.38L —
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S=1/2:close to the exact Bethe—Hulthen result

AE/LJ =1-4In2=-1.772

S=1: excitation gap = exponential decay of correlation



Tensor Product State (TPS)

Tensor Network State (TNS)
Projected Entangled Pair State (PEPS)

S Ss
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Entanglement structure of TPS

Entanglement entropy between system and environment

S = Nbondlog y4



Proper value of ¥

Gapped cases (Area Law):
S — NbondIOgZ - I—d_1
Nbond ~ Ld_1

Critical cases (Log. violation of the area law):

X is a constant O(¢ )

S — Nbond|0g)( — %C |_d_1|0g I_

¥~ | C/3 We need a large X value.

How can we treat log. term of EE ?

Hierarchical tensor network
1 ' ' ” ['4 ' ' ”
- ‘renormalization , coarse graining



Hierarchical Tensor Network

Multiscale Entanglement Renormalization Ansatz (MERA)

Long-range correlation

/\ : disentangler

11 2

A

[P P [P ) J1

S4 S3 \.

S1 S2 S3 S4
(a) (b) ‘Holographic’
dimension
‘W> — ZT31$2$384 S1S2S3 S4>
$1,S2:S3,54,
v)=X X X TuWi WU U sisesesy

|1 |2 Jl """ J4 Siyeees



(Multiscale Entanglement Renormalization Ansatz, MERA)

A top t/ensor

T /

Isometry

11 ' 7
disentangular

:22'/||

2_£ 2 2\ _ 2 — 2 X>
ds?="5(d z22+d x?)=(dzlog2)" + (27" dx)
Z

MPS - decomposed into many tensors with different function
Basis change (disentangler) before renormalization



Disk Model for MERA Network

Poincare




How to evaluate entanglement entropy in holographic space ?

Close connection to ‘Ryu—Takayanagi formula’
developed in superstring theory

A
N —

A | A | I

o N

>

L X

S = minimal surface area in holographic space

>



Binary decomposition

|

Spatially 1D cases: 24+24+---4+42=2InL
\ )

|
No. of boundary points: In L

Spatially 2D cases:

4L(1+£+i2+-~+ij:4L(2— 1n) > 8L
2 2 2" 2




Summary before going into more advanced topics

Quantum entanglement

Entanglement—entropy scaling (area law, log. violation)

Area law - PEPS (MPS, TPS)
Log. Violation = hierarchical tensor network, MERA

Entanglement structure of MERA
- Consistent with Ryu—Takayanagi formula



Thermofield dynamics (TFD) for finite—T wavefunction

Purpose: finite—T MERA and its relation with AdS/CFT

Finite—T = thermal avarage
TFD form = ‘thermal vacuum’

Identity state (maximally entangled) | |> = Z‘ n) ®‘ ﬁ)
n

General representation theorem

=SIns|i) =)o)
0(8) - 1)
(O(B)|AO(B)) = Z< m|p"* Ap"*|ni)
Z< P Ap"?In) Srn = tr(pA)

m,n



Thermal state in TFD
v () = ;; ¢ ™I {m 1A )
mijs \Nj
Singular value decomposition

C{m,—}{ﬁ,—}: Z Ailmj}Agﬁj}

a :event horizon =2 black hole entropy

= maximally entanglement entropy

Imagine Penrose diagrams ---



Layer 4

Layer 3

Layer 2

Layer 1

NI NN

Layer Q







Finite—T MERA Network and AdS Black Hole

>0 |1]2]|3 L

11213 L
> X

Vertical axis = energy scale, temperature scale
Wave function approach at finite—T = thermofield dynamics
—> Connection between original and tilde spaces




Temperature of MERA Network

Truncation of upper MERA layers = AdS black hole

Bond dim.: m
’Z'H AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

A
r
1(2]3 L Z2=2°
> X
L
Area of interface: - = A  Total dim. at interface: ¥y =m"
Beckenstein—Hawking entropy & Calabrese—Cardy formula:
SBHzAInmzilnm 3 1 1
ZH ke T =(—In mj oC
Cr ZH  ZH

Scer = EIn(ﬁsinh(in
3 \ne [



Summary

Formulation of Finite—T MERA
 finite—T wavefunction =2 TFD formalism

- relation to AdS black hole 2 Toc1/z,

* relation to Penrose diagram / Kruskal extention



Information—geometrical Analysis of
Quantum—Classical Correspondence

arXiv:1208.5103



Equivalence formulae between physically different systems

Bulk Geometry & Algebraic properties of the system on the edge

Statistical physics: Suzuki—Trotter transformation

. . 14 7
d—dimensional "quantum  system
. ' '11 ' 77
< (d+1)-dimensional “classical” system

(d+1)—dimensional General relativity on AdS space
< CFT living on the boundary of the space

Condensed matter: Edge Modes in Topological Insulators

(2+1)-dimensional Einstein—Hilbert action
< Chern—Simons action = Virasoro algebra



Information Geometrical Analysis of AdS/CFT Correspondence

Recent development of study of entanglement entropy
= Area law, Calabrese—Cardy’ s formula, holographic entropy

‘Relative’ entropy = distance of abstract information space
- We can define the metric of this space.

Relative von Neumann entropy (Kullback—Leibler divergence):
Vm =3 In( j (Y= (7)

A, A : two probability distributions of quantum critical systems

Ai=e” Ai=e!

<7>=§ftm :_g’li In 1. =



A depends on ‘two’ length scales even in 1D

Consider a superblock state W in DMRG set up

system environment

<€ >

System size: 77 Correlation length: f
<€ >

Near a quantum critical point, £ >n
Entanglement spectrum

Partial density matrix: o =Tren |y (| Li=e

DMRG — take m states with large eigenvalues
* This truncation limits the correlation length.

B> Ae>>An D=l E=&m)

Numerical precision of DMRG is determined by m and & .

/1i — //iai (m1 77) — /Ii (51 77) — //Li (X1! X2)



Functional form of A (§ n )

Calabrese—Cardy’ s formula for entanglement entropy

1 C : central charge
S ==_cAln 5 +b A : number of boundary points
6 b : constant
S:—Z/Iiln/li:Zﬂi?/i:<7/> Ai=e”
i=1 i=1
C= 1 CA

z 6
yi (7)) = C|n§+a.+a.1g+a?(gj +- (%) =b
(a™)=0, n=12,...

Ai (5 77) _éiexp(al —a.lg_...j



Derivation of AdS coordinate from Fisher information
_oa (UL
=406 . W) VLA =g, b o
= 2 (X" + dx*, X* + dx°)

Fisher information matrix: y is a kind of ‘seed’ to create g,

m

9y 9yi _| Or Or (a2
9= 2y o —<axﬂaxv> (&) =< x0)

7/i(§,77)=C|n§+a.+a.1g+ CzécA (a)y=(a’)=---=0

9,73

O
N
|
N
S
QJH
~~—"
@)
7~ N\
|
N—
_I_
S
QJH
QJH
~—"
7~ N\
O |
%




RG fixed point 2 Emergent AdS (hyperbolic) space at IR region

1 2 (d&)* +(dn)°
V(/l,A)=§§Jde“de=C (de) +(dn) (a'a')=C?

2 E? i
w=n+I1<&
1
<ao> =—CA=C
6 The sum of the
. &7 2’* Z"%fﬁ IR e
C = Curvature radius of AdS

- Brown—Henneaux symmetry

The shortest dlstance is
3| a piece of a hyperbola

ZG “Lines” that are parallel at one
“Coppiarie place eventually diverge.

Ai(&:77) =§exp( _ailﬁ_...j



Comparison with standard CFT n<<g
(d&)*+(dn)® _ dwdw
S ~

Complex coordinate: W=7+1&

& |wi
oy oy \ . <87 87> , <57 Oy _
“dx" =(=——" +( —— + 2( ——— )dwdw
g, dx” dx <8W8W>dw e dw S B
Laurent expansion:
7y (W,W)=g.+hiInw+h;,InW+---  Conformal weight
2i (W, W) = g% w iy Ai=hithi =2a
2 (Aw, AW) = AN R 4. (w, W) hi=cai+ip,

2 2 . L
g,,dx"dx" = 2i<aﬂ>( dV\; - dl"z j+ 4< 2\ AWdwW , dwdw
W W

. =1 (ap)=0 (a®)==-

V : odd int.

Inw =~ |r](i§)—|—_1:>7/i =2 o |n§-|-(gi_ iV7Z')-|_2ﬁiQ
o C ai a ©




Summary

Information geometrical interpretation of AdS,,,/CFT,

- Two length scales & Calabrese—Cardy’ s formula 2> A (€& n )

1 n
/Ii(éf,ﬂ)=—.exp(a?—ai1 ————— j
- S
* Derivation of metric from Fisher information
» asymptotic AdS emerges in IR region.
» curvature radius of AdS & central charge

* Classical side:

The original quantum data are decomposed into a set of
different length—scale physics, and they are stored into different
layers in AdS. Averaging over microscopic degrees of freedom,
the information of criticality only remains, and is converted into
the symmetry of the emerged classical space.



