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End Point ?
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Lattice QCD

@ Ist Principles Calculation

e ®

Q@ Sound Base for Hadron/Quark =
Systems at finite Temperature [ &
and Density ' >
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Origin of the Sign-Problem
in Lattice QCD Simulation
at finite Density

Oh, Monte CaQ
Simulations are

not Possible ?/




QCD at finite density

7 = Tre PHZ1N) _ / DUDYDy e P5c A%
= /DUHdetA(mf)e_ﬁsG
f

A(p) = Dy +m + uyo
{ A(M)Jr = —D,y, +m+ p v = Vs A(—p™ )5 J

» (det A(p))* = det A(p)" = det é(—u*)




(det A(p))* = det A(p)" = det A(—p*)
For U =— 0
(det A(0))" = det A(0O)

det A > Real

For [ 7& 0 (in general)

----------------------

Complex * Sign Problem




(0) = %/DUO det A e~ P>¢

In Monte Carlo simulation, configurations
are generated according to the Probability:

det A e P5¢ /7
det A : Complex

Monte Carlo Simulations
very difficult !




[ DUO det Ae™ "¢
| DU det Ae=5¢

(O) =

det A = | det A\ew

) fDUO|det A\ewe_SG fDU| det Ale™"¢

[ DU| det Ale=5¢ fDU\ det Ale?e—5c
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T #eiE D 7L

Phase Quench = Finite-lsospin

/\detA(u)Fe_SG = /detA(,u) det A(p)*e™ "¢

= /det A(p) det A(—p)e™>¢

_ / det A(11) det A(jug)e =S
Pu = Wy  Hd = —H

iz, \

MW 5TH
YE->TULZES
9




QCD In'Equa“ty Do you

have enough
Time ?

TrABT < VTrAATVTrB Bt
Meson /Ty

Propagators

(Cauchy-Schwarz)

TrA~! (z,0)TIA (0, )T

= TrA™(x, O)I’{mA—l (x, O)‘Lfyg)jI’

<\/A1:L'O Lz, 0)

\/F%A_ (,0)1750 (D5 A1 (, 0)T5T)]

— TrA_l(x, ())A_l(g;, ())Jr « 7T D Propagators

10

136 H27HAEH



Any Meson < pi Meson
( Propagators ) SO (Propagators )

— MMt

" e

Other Meson __ ., +
&

71 is lightest.

This does not hold for W # 0
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CZRT>IvILIFE ZICAD
3

Az, x') = 0y — /a;z {(1 — i) Ui(x)0, .5
i=1

HU 43U (@), 5 b

e 1 = 1) Us(2)0,

3
1
, —_— / —_— . . A
Aw,a') = mbe 53 mi(x) {Ui(@)5,1 41

— ) _U’LT(LU/)5CB/,33_%}
+ -1 (7) {"\ejL/:\l:Uﬁl(x)(Sa;/,xM _',e_ll"Ui(w/)éx"x_zl}

2 s ~-c 13
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~NEE-EDAY Y
Wilson Fermions A =1 — k(@

KS(Staggered) Fermions A =m — Q’
1
=m(l — —Q)

™m

3
Q=) (QF +Q)+(e™Qf +e7Qy)

1—=1

QF =« U, ()00 at s

QM Qu Q; — %k X U;(x’)gy,x_g




det A — 6Tr log A _ GTr log(f — /{Q)

1
— @ B Z g/{nTrQ" Hopping Parameter R

" or

Large Mass &R
NN TH(QT - Q)
— % gV tet/ Ty

/ﬁ:Nte_“NtTr(Q_ Q)

HZBWODIRERAIL—TICEBI1E
[ BFEZFORERIS

A T l — o ox %Nte_“/TTrLT
T l Tr L : Polyakov Loop
N, = % T l ﬁﬁf‘—i
v T l Kok (Cosh %%Trl) + ¢ sinh %%TrL)
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NEEENEWNGELHDEXT
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e HEBENEWGS

TEBUIEERT Vvl
Y (det A(p))* = det A(—pu*)
= ipg $ (det A(jur))* = det A(jur)
27h5=SUQ2) U = o0yU,0,

det A(U,v,)" = det A(U™, ;) = det 02 A(U, v, )02
— detA(Ua ’Y,u)
3.74 YN KLY (finite iso-spin)

Hd — — Hy
det A, ) det A(uqg) = det Ay, ) det A(—pey,)

— det A(,uu) det A(,uu)* — \det A(,LLU)‘Q (Phase Quench)

17
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Multi-Parameter Reweighting
ﬂ/\ﬁq: t

/BRZEQCD

Fodor Katz
/;il' LJ 7Lc._ ) —C

A\Fﬁmnmf_ /
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Towards large density QCD
What is a real Obstacle ?

@ Multi-parameter Re-weighting by Fodor-Katz

-------------------------------

1 T «det A :
_ DU O det A(O) e —PoSai ¢ (,LL) e(ﬁo—ﬁ)sai

7 e “det A(0)
AR "Reweighting Factor
A(w=0)=Dyy, +m Im

Dy, :anti-Hermite

A%
Eigen Value
Distribution 0

Re
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When u Increases

Im A
A

max _ s oo

min

Conjugate Gradient to
KL Re calculate

. -1
0 M does r%t( cl;%)?werge

(Imaginary chemical Potential
calculation does not have this
problem.)

Eigen Value Distribution
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@AIl full QCD update algorithms
require  A(p)*

@Fodor-Katz algorithm does not
calculate A(u)” ' but evaluate

det A(p)
det A(0)




beta=5.2 mua=0.2 (T=155Mc¢V mu=124MeV )

Configuration traj.= 3010

4 T T T T T
3
1 o -
0
.| b -
-5
beta=5.2 mua=0.27 (T=155MeV mu=168MeV )
-4 - - : ‘ ' . : .
005 0 0.05 0.1 Configuration traj.= 2000
4 L] T | L T L
3 -
) -
l -
oF
-
2
A
.4 L i | ' l 1
005 0 0.05 0.1
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Reweighting factor Xacp-)

det D(w)1Y
R(1.0) = [ (u)]Nf
Re [In R] v.s. Im/[In R] [det D(0)]

T/Tpc=0.95 T/Tpc=1.1

(beta=1800) (beta=1900)

det [/Symbol D(m)}/det [/Symbol D(0)}]

Im[In det {/Symbol D(m)}/det {/Symbol D(0)}]

- -2
-4
6 L ] s {/=25 mu=0.05]}
e e ! o {/=25 mu=0.15]}
[ - = a (/=28 u=0.25
-8 IPUPUPPU TEPUREPURPU TP ST WP S —— 8 1 1 1 Il 1 [“ 2J m O é‘)}
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Re[ln det {/Symbol D(m)}/det {/Symbol D(O)}] Re[ln det {/Symbol D(m)}/det {/Symbol D(O)}]

—_— T —_———

N. E. C. O.
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T — o —REREEA
e Y1 T E>T7)L
—ﬁﬁﬂ@u—(“ﬁ‘f%—f“gﬁb\@@’:\)\ M=O—(“7—7—;§E9ﬁ

F() = F(0) + 1 f'(0) + 54" (0)

— QCD-TARO: Phys. Rev. D65 (2002) 054501 Screemng Mass
— Swansea-Bielefeld: Phys. Rev. D66, 074507 ( >EoS
p(u) 2

u u
e 2] 2] +-
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Taylor coefficients(c2 & c4)

[ = C2 ) . Y ’——'_
. — SB limit ‘
4 | <« WHOT:N.=16
2 1
. P il ol
E
]
? ©2
0.5 1 1.5 2 2.5 3

Nagata, Nakamura, JHEP 1204 (2012) 092

"WHOT" : WHOT QCD,
Ejiri et al., PRD82, 014508 (2010).

For staggered, see e.g.
Allton et al., PRD71, 054508 ('05)

4 — SB limit(U=1)
| i - WHOT:N ;=16
05 !
"
" .ty
ol
Cq
0.5

clover-Wilson + RG-gauge(Nf=2)
Volume : 8"3x4
quark mass : mps/mV ~ 0.8

Configurations : HMC at mu=0
11 K steps including ( therm. as 3-5K)

Eigen values : 400 configs.
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Imaginary chemical potential

Yoco.

 MC simulations in mu”™2<0 region and analytic continuation

Imag.(MC OK")

Analytic

continuation

blll,
~-
-~

.

~

*—__———-—-_-~

I~o
’f

Real(Sign Problem ) ®

Quartic

.15 | Quadratic i Ij 1.05 ¢

Pade | i
1 } Padell 4 i 1
// - a
-~
- , R 095
.\
}_

0 02 0.‘: 06 08 1
/Ty

Quark-Q!uon Plasma

—

Quadratic
Quartic
Pade |
Pade |l

0 0.2 0.4A 06 08
Ty

RW phase transition

A - Tk
T ' y p—
L0 L %0
@ L TRW
5 ¢=0 & ~, @=-2m/3
§ g\ﬁ.\e&
S T ¢l e
@ 'W
- L=0
0 f (1)

Imaginary Chemical

/T

Pontential / Temperature

N ESGCO.
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vvvvvvvvvvvvvvvvvvvvv

1.15 t Quadratic
| Quartic

:Padel
B j

1.05 |

| Quadratic

vvvvvvvvvvvvvvvvvvvvv

' Quartic  — iy
| Pade | — '.
Eiaibon S R
0 02 04 06 038 1
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Canonical Approach
* Miller and Redlich
—Phys. Rev. D35 (1987) 2524

* A.Hasenfratz and Toussaint
— Nucl.Phys.B371 (1992) 539
* Engels, Kaczmarek, Karsch and Laermann
— Nucl.Phys. B558 (1999) 307 (hep-1at/9903030)
— hep-lat/9905022
* Forcrand and Kratochvila
— Nucl. Phys. B (P.S.) 153 (2006) 62 (hep-lat/0602024)
* A.Li, Meng, Alexandru, K-F. Liu

—PoS LAT2008:032 and 178 (arXiv:0810.2349, arXiv:
0811.2112),

—Phys.Rev. D82, 054502, 2010 (arXiv:1005.41%58)
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Fugacity Expansion of det A(u)

det A(n) = C,£ V" det(Q +5),

detA<u>=coz-N”2]ﬁ<>»,, +E) ) \ - _—

* Fugacity expansion

For details, see
Nagata-Nakamura Phys.Rev.D82:094027,2010
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Zoc(n,T) = [ DU [det ()]

ch(,u> :/DU

Calculation of Zn Xacp-s

Nfe—ﬁSG .

> det A(p) = Co ) cnl”

-CO Z Cnfn -

det A(0)

Aele, (:LL) — Z Zn&"

Ny |
(det A(0))V e ¢

Simulation Setup
clover-Wilson + RG-gauge(Nf=2)
Volume : 8"3x4

quark mass : mps/mV ~ 0.8
Configurations : HMC at mu=0

Eigen values : 400 configs.

N. E. C. O.
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Canonical partition function Z(n) Yo o

-

! 0.1 : '
0.01 = T/T,=0.93
-~ TMoe=1

— 0.0001 r 005 | = TMp=1.35 |
N, ",;«" . ¢
= 1e-008 - “

’ -0.05 ¢}

1e-010
| 0.1 "

1e-012 - ‘ :
-30 20 -10 O 10 20 30

-30 20 -10 O 10 20 30

* n-dep of the distribution depends on the temperature

emalnl (T < Tye),

Tidlonll o
C(n) {e_aHRQa (T > Tpc)-

—broadening : increase of effective d.o.f. at high T

—low T : exp(-a [n])
—high T : Gaussian

—large fluctuation of Im[Zn] at low T : severity of sign problem

N. E. C. O.
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Density of State

 Gocksch
— Phys. Rev. Lett. 61 (1988) 2054.

* Anagnostopoulos and Nishimura
— Phys.Rev. D66 (2002) 106008 (hep-th/0108041)

 Fodor, Katz and Schmidt
— JHEP0703:121,2007 (hep-lat/0701022)

B AP ETILZFEDTIC) o EBRETRE

X CEE

Mt

33
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DOS Simplest Case

—S(U)
/ DUTQ * p(E) = / DUS(E — S(U))e >V
O0(E - S(U))

(Density of State)

(0) = Zi / AEp(E)(O)

| Gy S
0=~ / DUS(E — S)e=SO(U)

7, = / dEp(E)

34




DOS —figfe

Muroya, Nonaka, Takaishi, AN, PTP,10, (2003) 615
(hep-lat/0306031) Sec.5.5

- oy

s

() = [ dUS(E ~ 2(U)jg(V);

/

=
|

0= [ AEp(E)O det A5 fg(V)

)

2, = [ dEp(E) et A5 ()
1
O g = dU(E — x(U))g(U)O(U
O)e =~z [ dUB(E = a(U))gV)OW)
) gU)E LT, HIRDAEMFERS E6TEHME

L 1173 L),
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DOS itHZE N &

(Gocksch)
z(U) =0(U) <G det A DHAB
g(U) = | det A(p)|e 75

o(E) = / AUS(E — 0(U))| det A(n)]e55

(0) = — / AEp(E)e (0) 5

36




DOS: Plag. Z B A2 —X

170 | .

T [MeV] rﬁultiparémeter r'eweight'ing ——
160 T
WDOS method, am=0.03 ——=—
150 | s~ |
140 .
130 | |
120 |

110 + Z.Fodor, S.Katz, -
C. Schmidt
100 | JHEPO0703:121,2007 i
hep-lat/0701022

P g [MeV]

90 | | | | | |
0 10 100 150 200 250 300 3% 400
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Complex Langevin

* Parisi

— Phys. Lett. 131B (1983),393
» Klauder

— Phys. Rev. A29 (1984),2036

 Klauder and Petersen
—J. Stat.Phys., 39 (1985),53

« Karsch and Wyld
—Phys. Rev. Lett. 21(1985),2242

 Ambjarn and Yang
—Phys. Lett. B165, (1985)140

 Matsui and A.N
— Phys. Lett. B194 (1987),262

e Aarts and Stamatescu
—JHEP 0809:018,2008 (arXiv:0807.1597)

38
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=Y N AN

DX ERTES <

[ e =,

1T

HEXBEE L

(Stochastic Quantization

P x e /

dx(T) dsS

_ |
— (T
dT dx (7)
N .8 /14X
T ARERFE

ZICHEXRTTEN R |
SHEXRKMTH ZDHERITEITS
(1B UE | |EFokker-Planck A2 HY)

Run-Away Solutions,

Wrong Convergence 39

136 H27HAEH



Aarts and Stamatescu
JHEP 0809:018,2008 (arXiv:0807.1597)

0.15

e
.
|

Polyakov loop

0.05

+
1/3TrU, U,

00000

SSSSS

density

12

10 |~

TEc ! ?
IRE?
Adaptive step size ?

2N e

=TIV E 7 (Hopping,

=)

40
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k = 0.160

2.0

1.0

Mass

0.0

ITTE

8

_ = i
0.5l ® Pseudo-scalar { -
- ® Vector -
I | I |
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0.0

Muroya, A.N. and Nonaka
Phys.Lett. B551 (2003) 305

0.2

0.4 0.6
La

0.8 1.0

(hep-1at/0211010)

0.5F

ooLb— ¢ 0 .o
00 02 04 06 08 1.0

ua
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di-quark source D& =

Hands, Sitch and Skullerud
Phys.Lett. B662, (2008)405
(arXiv:0710.1966)
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