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Efficient method of
projection calculation

S.Tagami and Y.R.Shimizu,
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General qguantum number projection
and configuration mixing (GCM)

Final wave function number parity several
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™ amplitude
projectors:
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Py = 3772 d*wD g (w)R(w), PN = — [ doe

w=Euler angle (a,B,7)

Hill-Wheeler equation (generalized eigenvalue problem)
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Projection calculation
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General

projection multi-dim.

numerical

) = pOf|(I)>7 poc = /ga(w)f)(ac)das‘ integration
unitary transformation

need to calculate:
(®|PoOPy|®") or (®D(z)OD(z')|®")
arbitrary observable — between
or [{®|OD(x)|®")| HFB-type states




Efficient method of projection and GCM
Calculation of @Oﬁ(m)@ HFB-type states

with large basis size

® Truncation in terms of canonical basis
c.f. P.Bonche et al.,, NPA510(1990),466. Appendix.

quasiparticle 3 |®) =0 (k=1,2,..., M) D) — (U,V)

| § / t
original basis _ _ _ el 1+ Vie
(splﬁlerlcal HIO Cl‘()) 0 (l 1,2,. M) 616 ( Lk lk l)

canonical basis = diagonalize puy = (B|cl e, |®) density

matrix
|—> b= Wi,  (®[bLog|®) = dewvp
occupation probabilities

[
Q=1-P  P-space: k=1,2,...,Ly(e); v? >




by the way, in the canonical basis,
a HFB-type state can be written:

D) = H (u +v¢bIb§)HbIBIU> canonical form
i>0,#B 1B

(Bloch-Messiah Theorem)

pair of orbits with small v; does not
contribute to HFB-type mean-field!



Efficient method of projection and GCM
Calculation of @Oﬁ(m)@ HFB-type states

with large basis size

® Truncation in terms of canonical basis
c.f. P.Bonche et al.,, NPA510(1990),466. Appendix.

quasiparticle 6“(1)) — 0 (k =1,2,. M) ‘(I)> — (U, V)

. . _I_ -i-
original basis _ _ M _ Upcl + Vipe
(spherical HO) al0) =0 (=1,2,. ) Bk Z( k& kCl)

canonical basis — dlagonahze puy = (B|cl e, |®) density

matrix
|—> b= Wi,  (®[bLog|®) = dewvp
occupation probabilities

[
Q=1-P  P-space: k=1,2,...,Ly(e); v? >

® Utilize Thouless amplitude with respect to
a Slater-determinantal state |¢o) = [ v}jo) /V:particle

number

k=1
@) =exp (Y Zwafal )ido) i _[b (<k<N)
7 k bl (N+1<k<M)



Truncation in canonical basis (1)
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12t A, =1.020MeV | 127 A, = 1. 025 MeV max
_14 1 1 1 1 1 _14 1 p for N — 20

b= Wie,  (Q|bLby|®) = e vy original-basis
I spherical HO — =spherical-HO
occupation probabilities of canonical basis
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k. sorted in descending order k
P-space: k=1,2,...Ly(e); v; > ¢ mmmp Lpis much smaller!!

8l = zl:(Usz;r + Virer) - Upp 0) 7 — (Vpp O)
U=w0C, V=WTC 0L ooy
(Bloch-Messiah Theorem) v

Thouless form P
B) = exp (Z zll,bjbj,)\m Z = (VO = ( 0 O)

/I’ canonical basis



Truncation in canonical basis (2) pienstormation matri

in original HO basis

Calculation of norm overlap / D= wipw’ = (gpp gPQ>
~ A ~ —.\1/2 T qp qq
(®|D|®") = (0|D|0) (dethetZ/{D) I = UIDT + VDV
7 pp 0 — ~ — — — ~ — —
U= ( 0 1 0, — (U;prpU + Vi DiVor UfyDig _ (L_zpp L_qu)
V — (Vpp O) quUpp Dygq Ugp Ugq
0 0 D mixes P- and Q-spaces! MxM determinant!
But, using Thouless amplitude (ZMx2M pfaftian)

(@ﬁ@,) = <0\l§\0>\detl7det U’\l/Q (det [1 + Zsz])l/Q

Z. 0 _ A A 1+ZTZ .7
Z:<§p o)l Zb:DZ’DTZ(z?” Z?pq), 1+ 21Zp i( o 7 DW)

Dqp Dqq

(®|D|®') = (0|D|0)| det T, det ! [V/? (det [1 + Z} szp})m
prLp determinant!
The matrix dimension reduced from MxM to LpxLp
Here M ~ O(1,000) L, =~ O(100) !

Including one-body operator, (®|OD(x)|®"), it can be shown
that the calculational effort: O(M?) — O(ML?)

LARGE REDUCTION OF CALCULATION  ~ 100times



by the way, the actual calculation is performed
with using the pfaffian rather than determinant,

D|®) — |®p) another HFB-type state

generally for overlap of two HFB-type states

(P[Q7) = |det(_]det [7’|1/2 (det [1 4 ZTZ/DUQ

square-root of complex number!
— “sign-problem”

(det [1+ZTZ/D1/2 _ ldet( g1 )r/z

A
For 2Nx2N anti- — (_)M(M—|—1)/2 pf ( Z, —]. )

symmetric matrix R, Al

1 N
pf(R) = 57— > sen(o) | [ Roi-1)o2s) pfaffian

oc€SanNn =1

L.M.Robledo, PRC79(2009),021302(R).

In order to calculate pfaffian, Thouless form is necessary!



Utilize Thouless form with Slater-det.(1)

Slater-determinant in canonical basis: |¢o) = [ ] b}/0)

k=1
|®) = exp (Z(Za)wafa}) |%0) N :neutron/proton number

1 b, (L<k<N)
T k =M=
‘(I)> = exp (Z(Zb)ll/b;b;/) ‘O> G = { b}; (N +1< k < M)
[

— — 1\ * . - . for hol
Zg = (VaU, )" <> pairing correlations “*# =7k (;{)I‘Z (f,eQ,S.t.é:C?\?)

Z, — 0as A — 0 while Z, - 00as A —0 up =1 — ;i

One can take the no-pairing limit !!
Furthermore,

‘ additional truncation:
core (deep hole) contributions

e Lo L,—L,

i
0 oﬁ
Zo=10 Zz 0

core-space: k=1,2,..., L,(¢); u; <€) (0 é”p 0 M

Reduction by core truncation is restricted (need Ly,
to calculate (¢o|OD(x)|¢y)), but effective for heavy nuclei !!

projection from HF states




Utilize Thouless form with Slater-det.(2)

occupation and emplty probabilities of canonical basis
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Reduction of effective number of space:

M =~ 3,000 = L,

104

~
~/

€

— L, ~ 100 about 2-3 orders of magnitude!



Test of convergence

Rotational excitation spectra:**°*Th octupole deformed
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Choice of hamiltonian Skyrme, Gogny : density-dep.

— some problems
Schematic multi-separable type,
consistent with Woods-Saxon mean-field
H=h+Hp+Hg, h= ) (£T+VVTVS),
particle-hole T=n,p

cgm\a:nn;lg,4 :_—XZ F>\ FA : FM— Z Z ‘FAMU

A>2 isoscal ier T=n,p ij
FY,.(r) =Ry = Yau(0,¢), VI,R; :WS cental pot., radius

Bohr-Mottelson d AV (r)
textbook VoLl y = yeerr = (kn + £p) ",  kr = (R])” /pg(r)% (7“2 CCZT ) dr
pairing R R R 1
channel Hg = — Z gy G- GF, G = ZMG e ;L
A=0,2 7,2>0 ij

A
~ o L 47'(' 5 1/3
Gr(r) = (}%) o Vul0,0), Ro = 12412 fim

g4 :even-odd mass diff. g¢3/95 = 13.6 :moment of inertia

Mean-field state |®) is generated with cranking
deformation by -
Woods-Saxon h hdef - Z A; (PT —|-P) Z Ar N wrotJa:,

-Strutinsky cal. — T=n,p T=n,p
Monopole pair field




Application to
tetrahedral shape

S.Tagami, Y.R.Shimizu, and J.Dudek,
arXiv: 1301.3278, 1301.3279.

tetrahedral

\

\ N

\F Y T A

one of regular
polyhedron




Tetrahedral nuclear states
Usual quadrupole def. @ Dsjp-symmetry
Higher point-group symmetry in nuclei ?

degeneracies of stability
symmetry <=y )
y y single-particle orbits (shell-effect)

nuclear .
Shape : R(Ha 90) — ROCU({Q}) (1 + )\z: OZAMY)\M(H, gO))
N
Tetrahedral Ty : only ass =t3 (N0 gy, Ay, s, A6y )

= 4-fold degenerate orbits appears (usually 2-fold !)
X.Li and J.Dudek, PRC49(1994),R1250.

Various predictions so far:
- Onishi-Shline, NPA165(1971),180. 'O 4-« states

- Takami-Yabana-Matsuo, PLB431(1998),242. Skyrme HF/HFB
- Yamagami-Matsuyanagi-Matsuo, NPA693(2001),579. 3Zr

- J.Dudek et al., PRL88(2002),252502; PRL97(2006),072501.

systematic calculations with
Woods-Saxon Strutinsky and Skyrme HF/HFB approachs




Tetrahedral shape and magic numbers

parity broken
and non-axial
deformation
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Example of potential surface calculations

Woods-Saxon universal-compact potential,
Strutinsky cal. with finite-range droplet model

Projection of Multi-dimensional (A <9) surface to (a32, @20)
(Strasbourg-Lublin-Krakow collaboration)

154 _ 160
64 Gdgg E(fyu)+Shell[e]+Correlation[PNP] 70 Yhgg E(fyu)+Shell[e]+Correlation|[PNP]

=
= =

—1 00 00 LD LD k= = =

o LI s e LN O

o D = = Do Mo

UNIVERS_COMPACT (D=3, 23)

Gp=0.960 Gn=0.980 AN =35 AN,=45

{}:%U {):)]U - LI | | L | | LI | LI - o
0.20 02022 , . I
E 0.10 E 0.10F% : : [t
< g 1
S 0.00 S 0.00f N
S S - Y 1
Gy — n ; 3.
0 010 v -0.10 ' -
A A B 1
0.20 0.20F 1=
_{:}':%[}:llllllllllll NI T T T TN _{:)'30:|IIII|II I||||||||I||||I||||I||||I||||I-.
0.3 -02 -0/ 0.0 0.1 0.2 0.3 0.4 0.5 03 02/ -01 00 0.1 0.2 0.3 04 0.5
15404 Deformation o, 160y Deformation o,
64 90 Emin=-2.41,1 70 90 Emin=-2.13, Eo=1.20

Quadrupole ground state! Tetrahedral ground state!
(Z=70,N=90)



What kind of spectra is expected

for tetrahedral rotor?

Known in molecules

deformation = quantum rotor,
but “spherical rotor” in a sense,

Jr=0=T3=J, E(I) =

I(I+1)
2.7

methane
Group T4 - Molecule: [CH4]

But, no quadrupole moment Q,, no E2 transitions at all !

Group theory consideration
(irreducible representations of point-group 74) c
even-even nucleus with pairing

Ali

O+7 3_7 4+7 6+7 6_7 7_? 8—|_7 9—|_7 9_7
10+, 10—, 11—, 2 x 12+, 12—, ... .

as the lowest band

five irrep.'s
A1,Az,

F1,F2



Result of angular momentum and parity
projection for tetrahedral shape (1)

1 1 1 1 1 1 /_I_\ 1 1 1 I I | ‘/L
20 B ‘d) 5-ph0ﬂoij~ 6 _ l)) \\=/_
— 160YhH T tetrahedral -
= 15 | — A —
g ) = 4-phonon )
= quasi- S~ 4 | quasi- 4
T vibrational L rotational —
10 F ___ 3-phonon - ‘ -
= 3~ -phonon 3o = 0.20
| f/\_T/Z-phonon
S| = a3 =010] 2f — y
/ 7\_ /1/-/Pf1/</)non - —‘\UJ
O _T\\\/I/ | | ITE:_I _I ] O _TL | | | 1 ITC:_I _I ]
0O 2 4 6 8 10 12 0O 2 4 6 8 10 12
I W angular momentum I W
Al . O—I_a 3_7 4+7 6+7 6_7 7_7 8+7 9+7 9_7
© 10T, 107, 117, 2 x 12+, 12—, ..+ .




Result of angular momentum and parity

14
12
10

E; — Eg+ [MeV]
o0
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EI —_ ED— [l[{‘\r} Ef - Eﬂ* [;\I(x\T]

plrﬁojection for tetrahl?d ral shape

(2)
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- ltfi()Yb . 1 12 o
i . * . . 1 10 . ¢
. 7 o Vibrational{ s} T |
- ..-‘. (132 .10 - 6 (Y32 = 0.15 y * i
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i . M=— * B _
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[ [ [ [ [ I 10 [ [ . [ [ [ [
i tetrahedral rqtog spectra realized!! |
" as = 0.30 ’ j " a0 = 0.35 ]
n ..----"""'“_-._ 2 L P
P S .o'.
Fs 4 & -9 l 1 l 1 0 ® L. -t -- @ I 1 1 1
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I [A] angular momentum IR



What kind of spectra is expected
for tetrahedral rotor? (2)

Group theory consideration

odd nuclei (half-integer spins) completely
: . different from
three irrep.'s
i 1t 5= 7T 7= 9%t 11t 11— quadrupole rotor!
Eip: 2 72 022 22 02 072 272
1/2 13+ o 1837 15F 15—
parity 27 2 72 72 two-fold
conjugate 1— 5T 7= 7+t 9— 11— 11+t states
.2 072 92 22 22 2 Ty
Espz 75— 9y 18T 15— 15%F
2 2 2 2
3t 3— 5+ 5— 7t 77— 9t 9—
Gajp: 2 72 02 02 2% »3 2 2X5 »2X3
parity Ix LT 95 LT 9 18T o 137
doublets 2 2 2 2
four-fold
which becomes lowest depends states

on the last odd-nucleon orbit!



Er[MeV]

12

Example of calculations (1)

odd nuclear states around %°Zr (N=7=40)
o 3o=0.4 and without pairing (A=0)

I
0 VE1/2 .
817, Y,
8 closed-shell ¢ ® 7
+ one-particles °
6 . ) i
1 sig./_simplex . * |
splitting? 4 . ¢
? ° . T=+ ] .
* & TE:— *
0 | o | | | | | |
2 4 6 8 10 12
I [7]
it 5= 7t 77 9T 1T 11T
. 2 0292 922 9292 9292 91 92 ) 92 )
Erjp s a4 9y 1837 15F 157
2 2 » 92 9 9

Group theory consideration OK,

ety
12 ' .
10 | vBes2 *
Ser ° X
= 8 [ closed-shell .
< + one-particles °
~ 6 * :
) A sig./simplex *
" splitting? * . i
2 - L ® o ]"[:-l— [ ] _
0 L ¢ | @ | | | | |
0 2 4 6 8 10 12
I [h]
1= 5T 77 7t 97 11— 11T
2 22 »2 22 22 22 9 2 9
Espa: 45— 9y BT 15— 15F
2 5 3 9 9y 9

but projection necessary for precise spectra !!



Example of calculations (2)

odd and two-particle states around °°Zr (N=72=40)
o 32=0.4 and without pairing (A=0)

g nev

12 C T ] 12 C T T T F g
VG3/2 n {0 VQA{G:),/Q X Gg/g} o .
10 B - 7 B ‘ 8
Ser $ . B 82 71 ® !
: 8 I closed-shell o | ~ 8 1 closed-shell ® o o
ﬁ 6 L + one-particles ¢ : i :i 6 |+ two-particles * s ° o |
E sig./simplex ’ E sig./simplex ’ s : : ¢
4 | “splitting? o : : i 41 Spllttm%’? . 8 + o |
o o
2 L . : . ¢ =+ : - 2k * e : . ni+ i
0 hd | & | | TF:_ | 0 ® * | ¢ | | TF__ | |
0 2 4 6 8 10 12 0 2 4 6 8 10 12
I I
3t 3— 5+ 5— 7+ 7— 9+ 9 —
G3/2: 2 ’§_|z§ ) 7_§ ) 7_|_2><§ 7g><§ A{G3/2XG3/2}:A1—|—E+FQ
2x LT 2x T 2x BT 2x 2

F, seems split into three bands

Group theory consideration OK,
but projection necessary for precise spectra !!



Irreducible representations of 74-rotor
for even-even nuclei (integer spins)

O+7 3_7 4+7 6+7 6_7 7_7 8+7 9+7 9_7
Al: _|_ _ _ _|_ —
| 10T, 10—, 117, 2 x 12+, 127 --- .
parity I
e 07,8%,47,67, 6%, 7, 87,97, 9%,
7 107,101, 117, 2 x 12—, 12+ ...

2+7 2_7 4—|—7 4_7 5—|—7 5_7 6—|—7 6_7 7+7 7_7

B o 8t 2% 8, 9% 9= 2% 10-, 2 x 10+, -+ .

. 17, 27,37,3,47,47,2x57,57,67,2x6,
parityIl. 2XTT, 2X77,2x8T,2x8 ,3x9",2x9,.-..

C"”j“gateF S 17,2%,37, 3,47, 4Y,2x 57, 5,67, 2 x 67,
22X TT,2x Tt 2%x8,2%x8F,3%x97,2x09F ...



How demanding for computer

Full angular momentum projection is demanding!
because of three dimensional integrals

Typical tetrahedral calculation with cranking:
all the symmetries broken

Medium heavy nuclei with mesh of Euler angles,
N, = Ng =N, ~ 100
l (for sizable tetrahedral deformation)

Two to three days: 50 — 70 hours by a machine
with Xeon E5645(6cores)x2=12 CPU cores

c.f. If the system is nearly axially symmetric,
then the calculation is much faster!



Application to
high-spin states
Y.Fujioka master thesis, Mar. 2012

-“ Problem” of projection
from cranked mean-field

- Wobbling rotational band
- Chiral doublet band



State-of-the-art high-spin yrast spectra

bulk E.S.Paul et al., PRL98,012501(2007
| | | | i I | |
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o o terminating states
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Application to high-spin states

Mean-field approximation
&= Cranking method

Mean-field state |®) is generated with cranking

W =haer = > A (PH+Pr) = D AN: = wioia,
T=n,p T=n,p

rotational frequency

Wrot — large < (J,) = I(wyey) — large Nigh-spin

states

Urn—1) ~ |P(wrot)) semiclassical quantization

Angular momentum projection
— rotational band:
how about high-spin states?



Some results of projection calculation

(no configuration-mixing!)

Im

Eo(wrot =0) [MeV]

=

Ey

E] — E() DI@V]

oo

p—

—

0.

0 .
8—|—
164Er /
X e
4+
1ot
I 0t
0 —
0.05 0.1 0.15 0.2 0.25
liwror [MeV]
Rotational spectra
4.0 .
Exp —o— !
3.9 | full int —e—
30 k no-Qpair
) no-crank —e&—
2.5 | 164
2.0 } Er
1.5 |
1.0 |
0.5
0.0

ortance of cranklng for moment of inertia

difference between wyot = 0 and wyet £ 0

Wrot =— 0— EI

— 7"(00/

only K=0 contributes (axially symm.),

but

Wrot % 0 — det (H%{K/
K-mixing contributes,

— ErtN§p) =0

— larger mom.
of inertia
small wyot 18 enough

I Expl.

| |
Exp. m— Hj/ |
full int. 7+ —-—(— \
1.5 F full int. 71— —=— 1 )
10|} 226Th -

0 2 4 6 8
1 (1]

10 12 14



“Problem” of projection from cranked mean-field
Which frequency w,.: should be used?

A t -
‘\IJIM(wrot» — ZQ%( PJ{/[K |(I)(Wrot)> arg)éi;auity!

12 B 1 | | | | _

164EI‘
10 L-0.40 £ -

0.30
/

4 r 0.25 / |

@p)

2 r ° needs improvement”
0.20 of Hamiltonian
0 — 1 | | | |
0 9 10 15 20 25 30

®,:=0.01 MeV I [h)]



Possible solutions

e Variation after projection:
search best w . for each spin-values
— different projection calculation for each spin
(very inefficient!)

* Do not use cranking!
use projection to generate basis for shell model
(not only 0-q.p. but 2,4,...-9.p. states coupled)

— Projected Shell Model (PSM)
by K.Hara and Y.Sun and collaborators

Most successfull application of projection

 No other possibility?
e.g., use two mean-field states for g- and s-bands



Wobbling rotational bands

Quantum mechanical motions of asymmetric-top
— How triaxial nucleus rotates collectively?

strong triaxial def. = coll.rot. around three PA-axes
— phonon-like multiple bands
from one intrinsic configuration

Uiting [ Strong E
,2 (Al= iu_t;---f’ 2-phonon excited band
P / \ /ﬁﬂﬁ.r 1-phonon excited band
N\ L —9 N o Jrastband
/0\ / \_5.,_;;;'-’5 (vacuum of phonon)
o— E2(Al=—2)

superposition of rotations around 3PA-axes
— rotation-axis tilts and precesses  No-preaking of chiral symm.



TSD: triaxial superdeformed
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Wobbling Spectra

TSD bands

('Triaxial Superdeformed Band)
D. R. Jensen at al., Eur. Phys. J. A19 (2004), 17

First ic l("miii{'*{l }

Odegard et al.

Wobbling N
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observed in 161.163.165,167



ENERGY [MeV]

Result of angular momentum projection
for wobbling rotational bands (1)

projection from one intrinsic state
Wrot — 0.2MeV
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of inertia is too small)



EXCITATION ENERGY [MeV]

Result of angular momentum projection
for wobbling rotational bands (2)

1637 projection from one intrinsic state
g2 e = 0.2MeV

relative spactra B(E2)out/B(E2)in
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rotor-model-like results obtained
by the microscopic projection



EXCITATION ENERGY [MeV]

Result of angular momentum projection
for wobbling rotational bands (3)

projection from one intrinsic state
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difficult to simultaneously reproduce
both one- and two-phonon energies



Chiral doublet band  'mportance of

triaxial deformation
Breaking right-/left-handed symmetry=- two degenerate bands
(c.f. Parity breaking—Parity doublet) Frauendorf-Meng, NPA617(1997),131.

triaxial def.= short, inter, long

j=. high-j particle — short-axis
Jv: high-7 hole — long-axis
R: irrotatinal inertia— inter-axis

_ magnetic rotation
- in the Pb region

N=75 isotones wo_ |
odd-odd A ~ 130region me' 23 Lo
=8, 1+84 158
4193 +7 ——{ 995
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132
1300 L g

Starosta et al., PRL86(2001),971. guestioned?
Tonev et al., PRL96(2006),052501.



Result of two-particle rotor coupling model

Macroscopic model analysis: the original paper
S.Frauendorf and J.Meng, NPA617(1997),131.

Rotor + particle-hole
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Result of angular momentum projection
for chiral doublet band
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Only spectra, BE2 - BM1 not yet calculated!!
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Summary

« Effective method for projection

: : : from most general
1) canonical-basis truncation HFB-type states!

2) full use of Thouless amplitude
* Application to nuclei with tetrahedral shape

Td-symmetry — specific spin-parity combinations

Expected spectra not only for closed-shell but also
for one-particle and two-particle systems

However, there are considerble splittings

* Application to high-spin states

Wobbling bands: confirmed full-microscopically,
but not easy for quantitative description

Chiral doublet bands: seems to be existing in full-
microscopic calculations, need more study,
e.g., electromagnetic transitions etc.
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