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Phase structure of QCD
at high temperature and density

* Phase transition lines quark-gluon plasma phase
e Critical point T
e Qrder of the transition
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Lattice QCD Simulations

e Direct simulation:
Impossible at p=0.




Distribution function & the effective potential

W(X;m,T,u)= [ DUS(X ~ X )(detM (m, )" e**  (uistogram

X: order parameters, total quark number, average plaquette, etc.

W/(X): Gaussian function V £f (X ) = — |nW (X )
Crossover V(X): Quadratic function ©
W(X): Flat
W(X,T,p Vg (X,T,u) Critical point V(X): Curvature: Zero

)
/\ \/ W(X,T,un) (X, T,n)
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(
15t order phase transition
W(X,T,u Verr (X, T, 1)

W(X): Two phases coexist
V(X): Double well potential




Mass-dependence of the effective potential
W(X’,m,T,p)zjDUS(X-X’)Zf:detM (Mo, )e™, Vo (X) = —InW (X)

X: order parameters, total quark number, average plaguette etc.
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(3, m, u)-dependence of the Distribution function

W(X,B,m,u)= [ DUS(X - X )(detM (m, )™ et (B=6/g?)

plaquette P (1x1 Wilson loop for the standard action)

R(X,B,Bym,my, 1) =W(X,B,m,u)W(X,B,m,0) (Reweight factor)

N¢
5(X — X Jetelp-po)® | detM (m, )
detM (m,,0) (e
R(X): — (Bo,u=0) _ e6Nsite(B_B0)P£ e m, W ]
<8(X -~ )> deuvl (mo ,O) X:fixed

(Bo,n=0)

Effective potential:

Veer (X, By m, 1) = = In[W (X, Bm, )] =Vie (X, B, mg,0)—INR(X , B, Bom, mg, 1)

INR(X )= In<exp[6NSite (B —BO)IS]( et (m, “))Nf >

detM (m,,0)

Performing simulations at various 3, combine the data by multi-p reweighting
(Ferrenberg &Swendsen , 89)



Distribution function in the heavy quark region

o We study the properties of W(X) in the
heavy quark region.

» Performing quenched simulations +
Reweighting.

« Standard Wilson quark action +
plaquette gauge action, S, =—-6NgBP

e lattice size: NJxN, =24°x4

e 5simulation points; $=5.68-5.70.
(WHOT-QCD, Phys.Rev.D84, 054502(2011))

Hopping parameter expansion (i ~1/m)

N, In det M, ) = N, (288N
detM(0,0)

kP +12-2"% N2k (cosh(p/T )2, +isinh(p/T ), )++-)

phase

P: plaquette, Q=QRr+1Qi: Polyakov loop (order parameter)

site

The plaguette term can be absorbed into the gauge action by redefining f3.



Order of the phase transition

Polyakov loop distribution
(order parameter of confinement)

Effective potential of |Q] * The psgudo-critical line is
on the pseudo-critical line at u=0 determined by yo peak.
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Polyakov loop distrib(utg)on In the complex plane
M:

k*=0.04 Z(3 symmetric k*=5.0x107° it =1.0x107°
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critical point

e 0N PBpc measured by the Polyakov loop susceptibility.



Distribution function of Cx at finite density
W (Q; B, 1, 1) = [ DU 8(Q2,, — 2, Je® s (detM (i)™

Pay

= [Dbu S(QR —QR)e‘S'\'S"eFA’ detM ()" e
:WO(QR;B’K’ H)<eie>

Phase-quenched simulation: W, (Q)= [ DU S(QR — O, )|detm

Qp

Nf e6NsiteBP

. 0=12-2" N3N, k" sinh(u/T O
« Heavy quark region ( st (w/T) ')

o Effective potential: Vs (Qa)=-InW(Qg),  Vo(Qg)=~InW(Q2)
. (Phase-quenched part)
Ve (B, 1, 1) = Vo (B, ,0) - Infe®)

Phase average
e Vois equal to Vet (u=0) when we replace «™ = «™ cosh(u/T)

— Critical point (phase-quenched)

Nt I Nt
Kep (0) =15 () cosh(u/T) Nf=2 at u=0: «=0.0658(3)(8)
(WHOT-QCD, Phys.Rev.D84, 054502(2011))




Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))

0:complex phase g =ImindetM =~12-2"%NZN,x" sinh(p/T ),

I T I I
K Sinh(W/ T)=0.00002

B
——Iln<e >

Sign problem: If ¢ changes its sign,

<e‘6> << (statistical error)
Qp, fixed

Cumulant expansion

. o | | | QR | | | |
<e‘9>QR - expfi{ﬁ{,\—%#% -5 ) +%<94>c +ﬂ\ K4(ugs:ir;hég/T)=o.ooooz

—0 —0

cumulants

O =00 (07), = (0%, ~(00,. (0%, =%, ~3(0%), (0) +200%,. (0°), =

R

— Odd terms vanish from a symmetry under p <> —u (6 <> —0)
Source of the complex phase

If the cumulant expansion converges, No sign problem.




10

Effect from the complex phase factor

» Polyakov loop effective potential at various «" cosh(u/T)
at the transition point.

— Solid lines: p=0 , i.e., cosh(u/T):]_, sinh(u/T)zo
— Dashed lines: p=oo, i.e, sinh(u/T)=cosh(u/T)
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The effect from the complex
phase factor is very small except
near Qr=0.



Critical surface in 2+1-flavor finite density QCD
In the heavy quark region

» The effect from the complex phase is very small for the determination of k.
» The phase effect is neglected.

Critical line for pu=pd=pus=p
1

L/ Critical line for pu=pd=p, us=0
T

1

O = b D



Probability distribution function in the light
qurk region == Nakagawa’s poster

* We perform phase quenched simulations with the weight:
detM (m,p )" e

W(P', F', B, m, u)z : DU S(IS — P)E)(lf _ F'Xdetl\/l (m’ lyl))Nf o6 NsicBP

B .- DU 6(I3 —~ P')ﬁ(lf —~ F')e‘9|det|v| (m, )" e®Maeb

= (&), xW,(P',F",B,m, )

expectation value with fixed P,F histogram

detM (p)
det M (0)

P: plaquette F(u)= Ne 1y

v 0=N; ImIndetM

site

Distribution function

of the phase quenched. WO(P" F') = J‘ DU 8(|3 — F’)B(I£ — F')detl\/l ‘Nf g6NuehP



u-dependence of the effective potential
Curvature of the effective potential

Crossover Critical point

“Inw(P,p)] —In|w —In[
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phase effect Curvature: Zero

( 15t order phase transition

phase effect Curvature: Negative




Curvature of the effective potential
o Assuming the distribution is Gaussian,

6N, 6N, 2 N N 2
W P, F ~ site _ site P _ P site ___ site F _ F
o(PF) = 5 exp{ o (P >)}x e exp{ 2XF( ( >)}

Xp :6Nsite<(P_<P>)2> Le = Nsite<(F _<F>)2>

i at the peak of the distribution
Cumulant expansion

W(P,F)=W,(P, |=)<ei9>P’F:fixed ~W, (P, F)EXPB<92>RF;MJ

<92>P,F:ﬁxedz<92>(<P>,<F>) =) Curvature of <92>



S I Mu I atl ons 2-flavor QCD lwasaki gauge

+ clover Wilson quark action
Random noise method is used.

8°x 4 lattice  m,/m ~0.8
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« Simulation points in the (3, po/T)
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Effect from the complex phase

k=0.141139, WT=pyT
50_ T [ T [ T [

e opy/T=24

40__ s - ],LO/T=2.8 _
I E\Qf:ffi\_ e lg/T=32 |

Hy/T=3.6 ]

—Injw,(P,B)] +—

AVaRW

. . phase effect Curvature:
B Negative

 Rapidly changes around the pseudo-critical point.
» Strong curvature in () /2
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Curvature of the effective potential
for F-direction

x=0.144139, pu/T=3.2 k=0.144139, 1/T=3.6
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Zero curvature
Critical point

e Appearance of the critical point: suggested at u/T=4.0

(The quark mass is much heavier than the physical mass.)



Curvature of the critical surface

Real world

Real world

crossover

« de Forcrand - Philipsen,
JHEP01(2007)077; PoS(LAT2007)178

o Curvature: slightly negative.
(3-flavor staggered, 83x4 lattice)

o Usual expectation
 Critical point: exists

New approach 2+Ns-flavor QCD (large Nf)==» Yamada’s talk
(2 light quarks + Nf heavy quarks)

== Curvature: positive.




2+Nf-flavor QCD (Nf >10)

(Ejirt, Yamada, 2012, in preparation)

0.07

h=2N,(2x, )"

for Wilson quarks

0.06

0.05

h=N,/(4(2m, )" ) -

for staggered quarks .

0.02
2-flavor dynamical simulation
with p4-impleved staggered quarks
and reweighting for the heavy quarks.

m./m ~0.7

0.01

0

e The critical mass: larger with Nr.

Crossover

' | ' |
First order transition

D_

0.5

« For large Nt, the critical mass is in the heavy quark region.
 First order transition region: wider as increasing L.



Summary

We studied the quark mass and chemical potential dependence
of the nature of QCD phase transition.

Heavy quark region: The shape of the probability distribution
function changes as a function of the quark mass and chemical
potential.

To avoid the sign problem, the method based on the cumulant
expansion of 0 iIs useful.

Phase quenched simulations: The effective potential at large
suggests the the existence of the critical point.

2+Ns-flavor QCD: First order transition region: wider with p.

To find the critical point at finite density, further studies in light
quark region are important applying this method.
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