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Introduction

« LQCD at finite T and p (quark chemical
potential) are desired to understand origin
& properties of matter.

 LQCD has the sign problem at nonzero .

 There are many progress in finite density
LQCD for high T and small p.



Introduction — small S/N ratio

« Example of features of QCD at low-T and finite

(p(p) — p(U))/T“ .

« S/N ratio is 25 T 02
- u/T=04
small at low T. 2 | = p/T=0.6 -

p(pyT?

v e.g., 50-100K was R R
not enough for
T/Tc=0.5 with " —
imaginary 05 | & [P
approach [Motoki, et. .. .
al. PoS Lat2012]. L N A '




Introduction - Silver Blaze of QCD

T A
QGP o
T e | - baryon number density is
pel T zero for pyg<my (H<my/3 )at
T=0.
Hadron
A\ H
- >
Po

— quark number starts to increase at p=m_,/2
— [&%59mvsi98s)Blaze [Cohen, PRL91,222001('03)]

Yo(D + m)|v) = e|)) €min = M /2
- (No silver blaze in MDP, strong coupling)



Introduction - Scope of this talk

« An idea is to use an analytic expression
about p-dependence with the help of a
reduction formula.

— M-dependence of det Aatlow T

— spectral property and physical meaning
of a reduced matrix

— low-T limit of det A

— application to small p region
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“ Reduction formula

« Fermion determinant det A
— Locality allows to perform the temporal part

of det A
det A = ¢ Vil 2Codet(6+Q) 0T
Nred — 4NcNazNyNz /—__—J ______ l _____

Q:AlAQ...ANt |t_/ I\

— Q and C, are independent of p

— chemical potential and gauge fields are

saparatedHasenfratz &Toussaint('92). Adams('04),
Borici('04). KN&AN(‘10), Alexandru &Wenger('10)


プレゼンター
プレゼンテーションのノート
(1) ¥det ¥Delta & = ¥xi^{-N_{¥rm red}/2} C_0 ¥det (¥xi + Q) 


“ Reduction formula

e Reduction of the rank of det A
—A:4 NN, N, N, N,
-Q:4N.N,N/ N,

det A = ¢ Nrea/20) det (¢ + Q)
Nred
= ¢ Nea200 TT (€ + M)
n=1

 With the eigenvalues,
—det A is an analytic function of p
—values of det A for any value of M.

Barbour et al. NPB557,327(99) etc, Fodor, Katz, JHEP0203, 014('0
de Forcrand, Kratochvila, PRD73, 114512(°06), etc,


プレゼンター
プレゼンテーションのノート
¥det ¥Delta & = ¥xi^{-N_{¥rm red}/2} C_0 ¥det (¥xi + Q) ¥¥
& = ¥xi^{-N_{¥rm red}/2} C_0 ¥prod_{n=1}^{N_{¥rm red}} (¥xi + ¥lambda_n)


Fermion Property at Low T
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Simulation setup

Action (gauge: RG-improved, fermion: clover-
improved Wilson with Nf=2 )

Mass : mps/mV=0.8
Lattice sizes : 873x4, 8N4 (spatial volume fixed)

Temperatures : T/Tpc=0.45~3(beta =
1.5~2.4,Nt=4 and 8)

Configurations :10K configurations at u=0
Eigenvalue : 400 confs. (LAPACK)
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プレゼンター
プレゼンテーションのノート
small S/N problem at small mu
early onset and severe sign problem at mu>mpi/2
pion mass

(2) R=¥biggl( ¥frac{¥det ¥Delta(¥mu)}{¥det ¥Delta(0)}¥biggr)^2 = |R| e^{i¥theta}


Fermion Property at Low T

Quarks to Universe in Computational Science, Nara, December13-16, 13
2 N41D



7 Meaning of Reduced matrix Q

« Relation to energies of quarks

)\ — E—E/T—I—‘iﬂ

— comparison of Nt=4 &

—8 and Polyakov loop //C """

B i g
Q = A1Az--- Ap, f/ I\\

Ny |ﬂz (ic,a,x,y,2)
P =] Uit:)

1=1

— zeta- regularization method [e.q. Adams, PRD70,

045002(
= exp(O T H =~v4A(p) + p — (0/0¢)


プレゼンター
プレゼンテーションのノート
¥det ¥Delta & = ¥xi^{-N_{¥rm red}/2} C_0 ¥det (¥xi + Q) ¥¥
& = ¥xi^{-N_{¥rm red}/2} C_0 ¥prod_{n=1}^{N_{¥rm red}} (¥xi + ¥lambda_n)


7 Meaning of Reduced matrix Q

 Quark number density

det A =¢ N2 [T (€+x) [ €+ )

A|>1 IA|<1

I
>
~
—

)\5 1 B )\*5 1
1 —I—)\f_l 1 —|—)\*£_1 N\ — e—e/T—l—z’Q

£ = e~ /T

1
Z (1 _|_8(E ,u)/T 0 1 _|_e(e+,u)KT+z'€)
Al<1


プレゼンター
プレゼンテーションのノート
(1) ¥hat{n} = ¥sum_{|¥lambda|<1}¥biggl( 
¥frac{¥lambda ¥xi^{-1}}{1+¥lambda¥xi^{-1}} - 
¥frac{¥lambda^* ¥xi^{-1}}{1+¥lambda^*¥xi^{-1}}
¥biggr)

(2) ¥hat{n} = ¥sum_{|¥lambda|<1}¥biggl( 
¥frac{1}{1+e^{(¥epsilon - ¥mu)/T - i ¥theta} }- 
¥frac{1}{1+e^{(¥epsilon + ¥mu)/T + i ¥theta} }
¥biggr)


Spectral property
« Eigenvalues form a pair(ys-hermiticity)

— |A| < 1 for quarks

— |A|> 1 for anti-
quarks

« The Nt-scaling law of the eigenvalues

Ap = 1/A0

M| = (1) XQCDJ, PTEP01A103('12)

« Ev's are related to the pion mass (lightest

1 . ,
mass). L . |Any2 Gibbs('86),

N |xn |<1 PLB172,53('86)

_ _1 Fodor, Szabo, Toth,
AMg = Ntlglm — 1 JHEPO708,092('07)




7 Low Temperature Limit

Im[A]

| | | |1

04-02 0 02 04
Re[\]

-04-02 0 02 04

Re[)]

det A = ¢ N2y T (€4 M) ] €+ M)

IA|>1

= Co H ()‘n>

IA|>1

IA|<1

< My /2

-max |\ = e~
A<

|)\n| — (ln)Nt

e—,u/T - 6—0.2Nt

may /(2T


プレゼンター
プレゼンテーションのノート
(1) ¥det ¥Delta = ¥xi^{-N_r/2} C_0 ¥prod_{|¥lambda|>1} (¥xi+¥lambda_n) ¥prod_{|¥lambda|<1}(¥xi+¥lambda_n)



7 Meaning of Reduced matrix Q

 Quark number density

det A =¢ N2 [T (€+x) [ €+ )

A|>1 IA|<1

)\*5—1 —,u/T
Z(1+)\§1_1+)\*51) c=e
Al<1

1
Z (1—|—8(E p)/T—1i0 1_|_e(e—|—,u)fT—1—z'6')
Al<1


プレゼンター
プレゼンテーションのノート
(1) ¥hat{n} = ¥sum_{|¥lambda|<1}¥biggl( 
¥frac{¥lambda ¥xi^{-1}}{1+¥lambda¥xi^{-1}} - 
¥frac{¥lambda^* ¥xi^{-1}}{1+¥lambda^*¥xi^{-1}}
¥biggr)

(2) ¥hat{n} = ¥sum_{|¥lambda|<1}¥biggl( 
¥frac{1}{1+e^{(¥epsilon - ¥mu)/T - i ¥theta} }- 
¥frac{1}{1+e^{(¥epsilon + ¥mu)/T + i ¥theta} }
¥biggr)


7 Free Energy in RF

 Free energy

_ [det A\ _ BNS L A€
Z(”)_<detA(0)>_<NmaXT+ZlnAn+1

o Cf
InZ = dFV/d3kln(1 + e (E-m/T)



プレゼンター
プレゼンテーションのノート
(1) Z(¥mu) = ¥biggl¥langle ¥frac{¥det ¥Delta(¥mu)}{¥det ¥Delta(0)} ¥biggr¥rangle = 
¥biggl¥langle N_{¥rm max} ¥frac{¥mu}{T} + ¥sum_{n=1}^{N_{¥rm red}} ¥ln ¥frac{¥lambda_n+¥xi}{¥lambda_n+1} ¥biggr¥rangle

(2) ¥ln Z(¥mu) = 
¥biggl¥langle N_{¥rm max} ¥frac{¥mu}{T} + ¥sum_{n=1}^{N_{¥rm red}} ¥ln ¥frac{¥lambda_n+¥xi}{¥lambda_n+1} ¥biggr¥rangle

(3) ¥ln Z = d_F V ¥int d^3 k ¥ln (1 + e^{-(E-¥mu)/T})


Summary

« We have studied QCD at low T & finite density.
—approach to low-T region with reduction
formula

for any configuration, assuming fixed
lattice size
— quark number density starts to increase at
HW=m_/2 for each configuration.

— confirmation: Nt-scaling law, volume
dependence, quark mass dependence, etc



Summary

« To obtain E0S, we have studied/will study

e forlow T & small py (small S/N ratio)
— expression of free energy in reduction formula

e for large p,
— Improvement of overlap : DoS, high density limit,
Imaginary, isospin, etc, multi-ensemble reweighting
— Silver Blaze : finite size effect, increase statistics etc
— (MDP, strong coupling ...)
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Free energy

A=Inidet Alp) detAi0)) (ua =0.4)

3 H gﬂ_ﬁ'
30 ¢ B JE:E
=1, -
25 . p=19 =
a a9 | f=2.0
p=23
< 15
=]
Vo100
5 i i
0r & - =
.5 .




Spectral proper

Density
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Spectral proper
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* Ys-hermiticity

Ap < 1/A0

« Small & large eigenvalues correspond to

— |A| < 1 for quarks

QNPZQ_F/T

— |A|> 1 for anti-quarks



' Spectral property -

0.06 prevrprrrrrrr 2076
. T/T —1 35 — j
>, 0.04 T/T =3 -
2 : Al ~ 1
O 002 - .
0 :‘ ! L] mhi
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In ||
« EVv's are related to the (lightest
mass). ,
amy = —— max In |\,|? Gibbs('86),
N anl<1 PLB172,53('86)

am, = lim (—111<
Nt—}OO

“ Fodor, Szabo, Toth,
JHEP0708,092('07)



プレゼンター
プレゼンテーションのノート
am_¥pi=¥lim_{N_t¥to¥infty} 
¥biggl(-¥frac{1}{N_t}
¥ln ¥biggl¥langle
c ¥biggl|
¥sum_{n=1}^{3V}¥lambda_n
¥biggr|^2
¥biggr¥rangle
¥biggr)


Spectral proper
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7 Free Energy in RF

 Free energy

det A(u) P — Ap + &
Z — — Nmax_ ]
() <detA(O)> < T+;nAn+1
Nreq 5

- (A™)c H An +
InZ(p) = = ( Nmax— 1
= 5 (it St

m=1

e This form may be compared to

InZ =dpV / Bkln(l + e~ E-H/T)


プレゼンター
プレゼンテーションのノート
(1) Z(¥mu) = ¥biggl¥langle ¥frac{¥det ¥Delta(¥mu)}{¥det ¥Delta(0)} ¥biggr¥rangle = 
¥biggl¥langle N_{¥rm max} ¥frac{¥mu}{T} + ¥sum_{n=1}^{N_{¥rm red}} ¥ln ¥frac{¥lambda_n+¥xi}{¥lambda_n+1} ¥biggr¥rangle

(2) ¥ln Z(¥mu) = 
¥biggl¥langle N_{¥rm max} ¥frac{¥mu}{T} + ¥sum_{n=1}^{N_{¥rm red}} ¥ln ¥frac{¥lambda_n+¥xi}{¥lambda_n+1} ¥biggr¥rangle

(3) ¥ln Z = d_F V ¥int d^3 k ¥ln (1 + e^{-(E-¥mu)/T})


Average phase factor vs |
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Spectral property - Volume

« Volume dependence

_NS=8' 0.03
~ —— N.=10 .
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; 0.005 | f
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| Taylor coefficients of EoS

3¢

2 |

1

05 1 15 2 25 3 05 1 15 2 25 3
T/Mhe T

— slow convergence of the laylor series of

EoS

—small S/N ratio of chemical potential
dependence



プレゼンター
プレゼンテーションのノート
Example to illustrate situation of finite density lattice QCD


 Fermion properties at low T

e Fermion determinants are less sensitive to mu at
lower temperatures.
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プレゼンター
プレゼンテーションのノート
(i)   R=¥frac{¥det ¥Delta(¥mu)}{¥det ¥Delta(0)}


Quark mass dependence

Density

Density

mps / mv = 0.6 (red), 0.8 (blue)
Histograms : [ev] (Left), arg(ev) (Right)
confinement (top), deconfinement(bottom)
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Gap is related to pion mass

1
am_=-——Inmax|A |’
Nt |2,<1

Gibbs('86). Eigenvalues and mpi
See also, Fodor, Szabo, Toth ('06). Eigenvalues and hadron spectrum

: T N8 —— 4'2 N
s Nt=4 - Dot 1 I By ) .-I
? | 3 al.'—l' reemmmeeeeee ] 3 5 | % .
o6 const. -~ " 3| : o
E 51t uu L-_..ﬁ 25 L‘ . A
4 i “ E 2 i ) n -' Ntza L o
3t P - 1.5 | s Nj=4 o 1
2 i i 1 | - al."l' ................ i
1 — Ik"‘ e L ?‘." 0.5 - . . ICCJI"IS'[I. """" .
0 05 1 1.5 2 25 3 35 0 05 1 15 2 25 3 35
Ty TMoe

o At low T, mpi/T is well fitted with a/T, a =4 Tpc (mq heavy)
e At high T, mpi approaches to a constant



7 Low Temperature Limit

det A = ¢~ Nrea/2¢ det(& + Q)
Nred

= ¢ N 20 ] (€ + An)

n=1

Ap = 1/A0

— gammab-
hermiticity
— |A| < 1 for quarks
Fd AL IOYA@NE- (3 ) TT 6+ 20)

quarks A |<1 An|>1


プレゼンター
プレゼンテーションのノート
¥det ¥Delta = ¥xi^{-N_{¥rm red}/2} C_0 
¥prod_{|¥lambda_n|<1}(¥xi+¥lambda_n)
¥prod_{|¥lambda_n|>1}(¥xi+¥lambda_n)


7 Low Temperature Limit

det A =¢ 20y TT (€+x) ] (€+20)

« The Nt-scaling law of the eigenvalues
|>‘n| — (ln)Nt

detA — Ooé-—NNred H (e—u/T _I_l?:NteZen) H (e_,u/T _|_ l,){b\ftezen:

|An|<1 An|>1
e Condition of low-T & small mu limit

£ > max |\| > others
[An|<1


プレゼンター
プレゼンテーションのノート
¥det ¥Delta = C_0¥xi^{-N_{¥rm Nred}} ¥prod_{|¥lambda_n|<1}(e^{-¥mu/T} + l_n^{-N_t} e^{i¥theta_n}) 
¥prod_{|¥lambda_n|>1}(e^{-¥mu/T} + l_n^{N_t} e^{i¥theta_n}) 

¥xi > ¥max_{|¥lambda_n|<1}|¥lambda| > {¥rm others}


7 Low Temperature Limit

« Condition & pion mass
1

am, = N, |§\ri?g<1 n |\,
T I I
am Ntlm n< g oy >

£ = e H/T - |1f§1|ax Al = e~/ (2T)
1

e Low T and small m limit.

detA:C()é-—NNred/2 H (6—M/T_|_Z;Nt6’ben> H (e_ﬂ/T+l7]yt6i9n)

IAn|<1 |IAn|>1

=C An, for Ny — > max |\
()M]_'[>1 r N, — o0, & |r§1|<>§\!


プレゼンター
プレゼンテーションのノート
(1) ¥det ¥Delta = C_0¥xi^{-N_{¥rm Nred}} ¥prod_{|¥lambda_n|<1}(e^{-¥mu/T} + l_n^{-N_t} e^{i¥theta_n}) 
¥prod_{|¥lambda_n|>1}(e^{-¥mu/T} + l_n^{N_t} e^{i¥theta_n}) 
(2)  N_t¥to ¥infty, ¥; ¥xi=e^{-¥mu/T}>¥max_{|¥lambda|<1}{|¥lambda|}=e^{-m_¥pi/(2T)}


Low-T limit

a. small u

N, /2
det A1) = Cy H AL (n)=0
a. large u

det A(p) = Co& N2 det Q
N (ny=2N.N,
= 2NeNon/T H det(B;ry — 2kr_)
1=1
v Quarks move on a fixed time slice, there is
no propagation in t-direction(t-link
vanishes)
v Z3 Invariant

vsev/svare not needed,
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LEILTOUUCLION=LYC L WILHT CliciTiCal

potential
T B ‘«..._%_ - | (IJ/T< 1)
pel T — sign fluctuation is mild
— p-dependence is
Hadron o Lamedsdinite M
! N
Lo

« Calculation of quantities at low T & finite
requires large statistics.



Approach to low temperature

« Chemical potential is included in the fermion
determinant, (detA)Ys = /p[qq]e—SF

e Calculation of det D seems to be inevitable at
low temperatures, e.g.
— slow convergence of Taylor series
—small S/N ratio

* A reduction formula provides
—a way to evaluate det D for large Nt
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