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Radiative Transfer is a Key Issue in 
Many Astrophysical Situations

• Neutrino Emission in Core Collapse SNe

• Neutrino Emission from Merging Binary NSs

• Super Eddington Luminous BHs

• Irradiated Protoplanetary Disks


– and more

• M1 scheme achieves an intermediate angular 

resolution at low cost.

– Diffusion approximation is coarse while full 

radiative transfer costs much.
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Contents
– M1 Moment Equations


• Comparison with diffusion 
approximation and full radiative 
transfer


• Reconstruction Method

–with & without absorption


– 1D Plane Parallel Equilibrium

– 2D and 3D Examples


• Shadow, Directional Characteristics, Propagation

– Irradiated P.-P. Disk (２color）
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Description of Radiation Field 
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Intensity

Moment

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

1

Diffusion Approx. E

　estimate F 

M1 model  (E, F)

　estimate P

0th:




1st:




2nd:

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t, n) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν

Fy,ν

Fz,ν



 , F x =





Fx,ν

c2Pxx,ν

c2Pxy,ν

c2Pxz,ν



 , S =





σν (4πSν − cEν)
−c (σν + σν,s)Fx,ν

−c (σν + σν,s)Fy,ν

−c (σν + σν,s)Fz,ν





∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

F x,i+1/2,j,k = F x,i+1/2,j,k (Ux,i,j,k, Ux,i+1,j,k) (7)
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M1 Model can handle “shadow”.

Gonzalez et al. ‘06

Diffusion

Radiation Absorber

M1 (HLL)

M1

 (characteristics)



Equation of Radiative Transfer

M1

Transfer Absorption

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

1

Emission Scattering

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

1

Exact

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

1

closure relation



Reconstructed Radiation Field
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ψ = tan−1





√
F 2

x + F 2
y

Fz



 (12)

η = tan−1
(

Fy

Fx

)
(13)

I (θ, ϕ) =
3 (1 − β2)3 E

8π (3 + β2)
[1 − β cos θ cos ψ − β sin θ sin ψ cos (ϕ − η)]−4

(14)

I (θ) =
3 (1 − β2)3 E

8π (3 + β2)
(1 − β cos θ)−4 (15)

This intensity defined by Eq. (14) reproduces the closure relation as well as E and

F .

F (+)
z ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (16)

F (+)
z

E
=

3 q + 6 β2 cos2 ψ q−1 − β4 cos2 ψq−3 + 8β cos ψ

4 (β2 + 3)
(17)

P+
zz ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos2 θ sin θ dθ dϕ (18)

Pzz

E
=

β3 cos3 ψq−1 + 3β cos ψq + 4β2c2 + 1 − β2

2 (β2 + 3)
(19)

P+
zx ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin2 θ cos ϕ dθ dϕ (20)

= β sin ψ cos η Fz (21)

P+
zy ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin2 θ sin ϕ dθ dϕ (22)

= β sin ψ sin η Fz (23)

q =
(
1 − β2 sin2 ψ

)1/2
(24)

2 Case of No Absorption

En+1
i,j,k = En

i,j,k +
c∆t

∆x

(
F

(+)
x,i−1/2,j,k + F

(−)
x,i−1/2,j,k − F

(+)
x,i+1/2,j,k − F

(−)
x,i+1/2,j,k

)

+
c∆t

∆y

(
F

(+)
y,i,j−1/2,k + F

(−)
y,i,j−1/2,k − F

(+)
y,i,j+1/2,k − F

(−)
x,i,j+1/2,k

)

+
c∆t

∆z

(
F

(+)
z,i,j,k−1/2 + F

(−)
z,i,j,k−1/2 − F

(+)
z,i,j,k+1/2 − F

(−)
z,i,j,k+1/2

)
(25)

2

closure relation

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

1



Numerical Integration of M1 Model
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Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν

Fy,ν

Fz,ν



 , F x =





Fx,ν

c2Pxx,ν

c2Pxy,ν

c2Pxz,ν



 , S =





σν (4πSν − cEν)
−c (σν + σν,s)Fx,ν

−c (σν + σν,s)Fy,ν

−c (σν + σν,s)Fz,ν





1

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν

Fy,ν

Fz,ν



 , F x =





Fx,ν

c2Pxx,ν

c2Pxy,ν

c2Pxz,ν



 , S =





σν (4πSν − cEν)
−c (σν + σν,s)Fx,ν

−c (σν + σν,s)Fy,ν

−c (σν + σν,s)Fz,ν





∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

1

Conservation Form

(i, j, k) (i+1, j, k)

Numerical  Flux

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν

Fy,ν

Fz,ν



 , F x =





Fx,ν

c2Pxx,ν

c2Pxy,ν

c2Pxz,ν



 , S =





σν (4πSν − cEν)
−c (σν + σν,s)Fx,ν

−c (σν + σν,s)Fy,ν

−c (σν + σν,s)Fz,ν





∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

F x,i+1/2,j,k = F x,i+1/2,j,k (Ux,i,j,k, Ux,i+1,j,k) (7)

1

x

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν

Fy,ν

Fz,ν



 , F x =





Fx,ν

c2Pxx,ν

c2Pxy,ν

c2Pxz,ν



 , S =





σν (4πSν − cEν)
−c (σν + σν,s)Fx,ν

−c (σν + σν,s)Fy,ν

−c (σν + σν,s)Fz,ν





∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

F x,i+1/2,j,k = F x,i+1/2,j,k (Ux,i,j,k, Ux,i+1,j,k) (7)

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

1



Upwind (Characteristics)
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Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c. λL = −c (9)

2

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c, λL = −c (9)

2

(simple) HLL

Godunov  (characteristics and eigen modes)

Less diffusive but costs more. (mean characteristics are 
not well defined.）

Max. Signal Speed,  Safe but Diffusive 

Reconstruction (this work)

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c, λL = −c (9)

Iν(n) =
3Eν

8π

(1 − β2)3

3 + β2
(1 − β · n)−4 (10)

β =
3f

2 +
√

4 − 3f 2
, β = β

F

|F |

2

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

U =





Eν

Fx,ν

Fy,ν

Fz,ν



 , F x =





Fx,ν

c2Pxx,ν

c2Pxy,ν

c2Pxz,ν



 , S =





σν (4πSν − cEν)
−c (σν + σν,s)Fx,ν

−c (σν + σν,s)Fy,ν

−c (σν + σν,s)Fz,ν





∂

∂t
U +

∂

∂x
F x +

∂

∂y
F y +

∂

∂z
F z = S (6)

F x,i+1/2,j,k = F x,i+1/2,j,k (Ux,i,j,k, Ux,i+1,j,k) (7)

1

consistent with the closure relation



Consistent with M1 
closure

Upwind 
Reconstruction 

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c, λL = −c (9)

Iν(n) =
3Eν

8π

(1 − β2)3

3 + β2
(1 − β · n)−4 (10)

β =
3f

2 +
√

4 − 3f 2
, β = β

F

|F |

2

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c, λL = −c (9)

Iν(n) =
3Eν

8π

(1 − β2)3

3 + β2
(1 − β · n)−4 (10)

β =
3f

2 +
√

4 − 3f 2
, β = β

F

|F |

Fν,x,i+1/2,j,k = F
(+)
ν,x,i+1/2,j,k + F

(−)
ν,x,i+1/2,j,k

F
(+)
ν,x,i+1/2j,k =

∮

nx > 0

nx I∗
i+1/2,j,k(n) dn

F
(−)
ν,x,i+1/2j,k =

∮

nx < 0

nx I∗
i+1/2,j,k(n) dn

Pν,xx,i+1/2,j,k = P
(+)
ν,xx,i+1/2,j,k + P

(−)
ν,xx,i+1/2,j,k

Pν,xy,i+1/2,j,k = P
(+)
ν,xy,i+1/2,j,k + P

(−)
ν,xy,i+1/2,j,k

Pν,xz,i+1/2,j,k = P
(+)
ν,xz,i+1/2,j,k + P

(−)
ν,xz,i+1/2,j,k

I∗
ν,i+1/2,j,k(n) =

{
Iν,i,j,k(n) (nx > 0)

Iν,i+1,j,k(n) (nx < 0)
(11)

2



Reconstructed Numerical Flux

!11

Un+1
i,j,k − Un

i,j,k

∆t
+

F n
i+1/2,j,k − F n

i−1/2,j,k

∆x
= Sn

i,j,k

F
(HLL)
i+1/2,j,k =

λRF i,j,k − λLF i+1,j,k + λRλL (U i+1,j,k − U i,j,k)

λR − λL

(8)

λR = c, λL = −c (9)

Iν(n) =
3Eν

8π

(1 − β2)3

3 + β2
(1 − β · n)−4 (10)

β =
3f

2 +
√

4 − 3f 2
, β = β

F

|F |

Fν,x,i+1/2,j,k = F
(+)
ν,x,i+1/2,j,k + F

(−)
ν,x,i+1/2,j,k

F
(+)
ν,x,i+1/2j,k =

∮

nx > 0

nx I∗
i+1/2,j,k(n) dn

F
(−)
ν,x,i+1/2j,k =

∮

nx < 0

nx I∗
i+1/2,j,k(n) dn

Pν,xx,i+1/2,j,k = P
(+)
ν,xx,i+1/2,j,k + P

(−)
ν,xx,i+1/2,j,k

Pν,xy,i+1/2,j,k = P
(+)
ν,xy,i+1/2,j,k + P

(−)
ν,xy,i+1/2,j,k

Pν,xz,i+1/2,j,k = P
(+)
ν,xz,i+1/2,j,k + P

(−)
ν,xz,i+1/2,j,k

I∗
ν,i+1/2,j,k(n) =

{
Iν,i,j,k(n) (nx > 0)

Iν,i+1,j,k(n) (nx < 0)
(11)

2

Numerical fluxes are explicit functions 
of  E and F.

without 
absorption



Numerical Fluxes Given by Reconstruction

!12

F+
z =

(
3q4 + 6β2c2q2 − c4β4 + 8βcq3

) {
8 (3 + β2) q3

}−1
(26)

P+
zz =

1
2 (3 + β2)

[
β3c3

q
+ 3βcq + 4β2c2 + 1 − β2

]

(27)

P+
xz = β

fx

f
Fz (28)

P+
yz = β

fy

f
Fz (29)

c = cos ψ ≡ fz

f
(30)

q =
√

1 − β2s2 =
√

1 − β2 + β2c2 (31)

3

χ =
3 + 4f2

5 + 2
√

4 − 3f2
(12)

2 Specific Intensity Consistent with the M1 clo-
sure

I (θ, ϕ) =
3E

8π

(1 − β2)3

3 + β2
(1 − β cos χ)−4 (13)

β =
3f

2 +
√

4 − 3f2
(14)

f cos χ = fz cos θ + sin θ (fx cos φ + fy sin φ) (15)

F+
z ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθdϕ (16)

P+
zz ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos2 θ sin θ dθdϕ (17)

P+
zx ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin2 θ cos φ dθdϕ (18)

P+
zy ≡

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin2 θ sin φ dθdϕ (19)

F−
z ≡

∫ π/2

π/2

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθdϕ (20)

P−
zz ≡

∫ π/2

π/2

∫ 2π

0
I (θ, ϕ) cos2 θ sin θ dθdϕ (21)

P−
zx ≡

∫ π

π/2

∫ 2π

0
I (θ, ϕ) cos θ sin2 θ cos φ dθdϕ (22)

P−
zy ≡

∫ π

π/2

∫ 2π

0
I (θ, ϕ) cos θ sin2 θ sin φ dθdϕ (23)

Mathematical formulae (valid for a > |b|)
∫ 2π

0

dϕ

(a − b cos ϕ)4
=

a (2a2 + 3b2)
(a2 − b2)7/2

π (24)

∫ 2π

0

cos φ dϕ

(a − b cos ϕ)4
=

b (4a2 + b2)
(a2 − b2)7/2

π (25)

2



Fluxes from Each Cube Face

!13

(E, F)

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F+
x F−

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F+
x F−

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F+
x F−

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F+
x F−

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F+
x F−

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F+
x F−

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F (+)
x F (−)

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F (+)
x F (−)

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F (+)
x F (−)

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

F
(+)
z,i,j,k =

∫ π/2

0

∫ 2π

0
I (θ, ϕ) cos θ sin θ dθ dϕ (26)

(27)

x z F (+)
z F (−)

z F (+)
x F (−)

x P (+)
xx P (−)

xx P (+)
zz P (−)

zz

3

Numerical Flux Evaluated by Reconstruction



Numerical Flux Modified by Absorption 
and Emission

!14

Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

3

absorption

emission

Modification due to 
Emission and 
Absorption



Effects of Absorption Evaluated by the 
Formal Solution

!15

Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

3

Flux at Boundary　Absorption　Flux at Center　　Emissivity
Fν,x,i+1/2,j,k = F

′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

3

Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

3

Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

3

Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

3

Good Approximation at a 
large 



Aboid Extremely Sharp Beam

!16

Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

F → flim E F

|F | (16)

3

Fν,x,i+1/2,j,k = F
′(+)
ν,x,i+1/2,j,k + F

′(−)
ν,x,i+1/2,j,k

F
′(+)
ν,x,i+1/2,j,k = e−∆τi/2F

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

4

F
′(+)
ν,x,i+1/2,j,k = e−∆τi+1/2F

(+)
ν,x,i+1/2,j,k −

(
1 − e−∆τi+1/2

) Sν

4

Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν

6

Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P

′(−)
ν,xy,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k

P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)

J = 3H [τ + q (τ)] (14)

q " 2/3 (15)

F → flim E F

|F | (16)

|F | > flimE (17)

3

If



Beam Test




Δτ = 5

S = 0

Δτ = 0
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Beam Test 
(1) 

Propagation
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First Order 
Accurate

    Δx =  0.1



Beam Test(2) 
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f = 0.999

f = 0.700



Beam 
Test (3)
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Beam Test (5)　



Burst Test (1)
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E = const.

F = 0



Burst(2)
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Sphericity and Sharpness

Conflict



Burst 
(3)
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E = const.

F = (0.9, 0, 0) E

arrows:  f = F/E

HLL: diffusive, bias



1D Plane Parallel 
Closure relation
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Fν,x,i+1/2,j,k = F
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′(−)
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F
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(+)
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(
1 − e−∆τi/2

) Sν
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F
′(+)
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(+)
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) Sν
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P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν
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P
′(−)
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(−)
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(
1 − e−∆τi/2

) Sν

6
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′(+)
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(+)
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P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
= J − S = 0

∂K

∂τ
= H (13)
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′(+)
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′(−)
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F
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(+)
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ν,x,i+1/2,j,k = e−∆τi+1/2F
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(
1 − e−∆τi+1/2
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Pν,xx,i+1/2,j,k = P
′(+)
ν,xx,i+1/2,j,k + P

′(−)
ν,xx,i+1/2,j,k

P
′(+)
ν,x,i+1/2,j,k = e−∆τi/2P

(+)
ν,x,i+1/2,j,k +

(
1 − e−∆τi/2

) Sν
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P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k +
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1 − e−∆τi/2

) Sν
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Pν,xy,i+1/2,j,k = P
′(+)
ν,xy,i+1/2,j,k + P
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P
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P
′(−)
ν,x,i+1/2,j,k = e−∆τi+1/2P

(−)
ν,x,i+1/2,j,k (12)

∂H

∂τ
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q " 2/3 (15)
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Boundary:

No incident from outside
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Optical (UV)

IR

IR from Irradiated 
Protoplanetary Disk

cf. Calvet et al. ’91

 but  

Iν (r, t, n) (1)

Eν (x, t) ≡ 1

c

∮
I (x, t. n dn) dn (2)

F ν(x, t) ≡
∮

n I(x, t, n) dn (3)

←→
P ν(x, t) ≡ 1

c

∮
nn I(x, t, n) dn (4)

(
1

c

∂

∂t
+ n · ∇

)
I (r, t, n) = − σν Iν(r, t, n)

+ σνSν (r, t, n) + σν,s

∮
g (n, n′) Iν(r, t, n′) dn′ (5)

∂Eν

∂t
+ ∇ · F ν = σν (4πSν − cEν)

∂F ν

∂t
+ ∇ ·←→P ν = − c (σν + σν,s) F ν

←→
P ν =

(
1 − χ

2

←→
I +

3χ − 1

2
nn

)
Eν , n =

F ν

F ν

, χ =
3 + 4f 2

5 + 2
√

4 − 3f 2
, f =

|F ν |
Eν

1



Temperature Distribution Depends on the Incident Angle 
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Summary
• M1 model can handle shadow and 

scattering, both of which have important 
effects in celestial bodies.


• Reconstruction gives us simple but good 
numerical fluxes. 

– If Δt<Δx/cm, |F| < E

– Burst Test

– Light Propagation

!30
Dullemond & Monnier ’10 



Numerical Instability in 
2nd Order Accuarate Flux
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specific intensity. With this assumption, the Eddington tensor is
given by (Levermore 1984)

D =
1 − χ

2
I +

3χ − 1
2

n⊗ n (5)

where I is the identity matrix, χ is called the Eddington factor,
and n a unit vector aligned with the radiative flux.

We now need to specify the Eddington factor in order to
close the system. For that purpose we assume that the specific
intensity of our radiative transfer model is given by

B(ν, f , T ∗) =

2hν3

c2


exp




hν
kT ∗


1 −

2 −
√

4 − 3‖ f‖2
‖ f ‖2 f .Ω





 − 1




−1

(6)

where

T ∗ = 2
‖ f‖
(
−1 +

√
4 − 3‖ f‖2

) 1
4

√
‖ f ‖2 − 2 +

√
4 − 3‖ f‖2

(
Er
ar

) 1
4

and f = Fr
cEr

is the reduced flux. Note that by definition of Er

and Fr, we have ‖ f‖ ≤ 1, which means that radiative energy is
transported at most at the speed of light. This distribution can ei-
ther be obtained by applying a Lorentz transform to an isotropic
one (Levermore 1984) or by minimizing the radiative entropy
(Dubroca & Feugeas 1999). As we shall see, this simple assump-
tion for the specific intensity allows us to compute the Eddington
factor easily and analytically, but one has to keep in mind that
there might be some cases where assuming such a simplified ge-
ometry may be a very poor approximation.

In the M1 model (Dubroca & Feugeas 1999; Ripoll et al.
2001), the previous form of the specific intensity is used to com-
pute the Eddington factor, therefore closing system (4):

χ =
3 + 4‖ f‖2

5 + 2
√

4 − 3‖ f‖2
· (7)

We can see that this closure relation recovers the two asymptotic
regimes of radiative transfer well. In the free-streaming limit (i.e.
transparent media), we have ‖ f ‖ = 1, χ = 1 and D = n ⊗ n. On
the other hand, in the diffusion limit, ‖ f ‖ = 0, χ = 1/3 and
D = 1

3 I, which corresponds to an isotropic radiation pressure.
Equivalently, we can get these two limits directly with the spe-

cific intensity. When ‖ f‖ = 0, T ∗ =
(

Er
ar

) 1
4 and the distribution is

a Planck function, whereas when ‖ f ‖ = 1, it tends to a Dirac in
the direction of f .

3. Radiation transport in a static fluid

We first start by describing the interaction between a static fluid
and radiation. The fluid can only be heated or cooled and its evo-
lution is determined by the classical energy conservation equa-
tion with a source term characterizing the energy exchanges be-
tween the fluid and the radiation.

To ensure a good conservation of energy, we consider the
equation for the total energy (radiation plus matter) instead of
only matter energy. The system to be solved is:




∂te + ∂tEr + ∇ · Fr = 0
∂tEr + ∇ · Fr = c(σParT 4 − σEEr)
∂t Fr + c2∇ · Pr = −(σF + σs)cFr

(8)

where e is the internal matter energy.

Fig. 1. Eigenvalues of the Jacobian matrix normalized by c.

3.1. The Riemann solver

To numerically solve the system above, we use a second-order
Godunov type algorithm for the hyperbolic subsystem formed
by the last two equations. The first equation is then integrated
using the flux obtained by the hyperbolic solver.

It is worth noticing that the wave speeds of this subsys-
tem, which mathematically correspond to the eigenvalues of its
Jacobian matrix, depend only on the norm of the reduced flux f
and on the angle θ of this flux with the considered interface.
These wave speeds describe the speed at which the information
is transported in the system, in the same way as the sound speeds
in a fluid at rest. Figure 1 illustrates the behavior of the eigenval-
ues normalized by c for some characteristic values of θ and f .

The left plot corresponds to a flux perpendicular to the inter-
face (θ = 0), which is similar to the mono-dimensional problem
(cf. Fig. 1 of Audit et al. 2002). In particular, for a unit reduced
flux (points A), the four eigenvalues are equal to c so the trans-
port limit is correctly described. The middle plot represents the
case where the flux is parallel to the interface. In that particular
case, two eigenvalues are always equal to zero and the two others
are equal in norms but of opposite sign. We can also notice that,
when the reduced flux is unity (points C), the four eigenvalues
are null. This is particularly interesting because it corresponds
to the physical characteristic speeds of a transverse flux and be-
cause it means that there is no transport perpendicular to the ra-
diative flux (cf. shadow test below). In all cases, we find that
for ‖ f ‖ = 0 (points B), the eigenvalues are {−c/

√
3, 0, 0, c/

√
3},

which are the proper propagation speeds in the diffusion limit.
These eigenvalues are then used in our Riemann solver, which
is an HLLE (Harten-Lax-van Leer-Einfeldt) scheme (Einfeldt
et al. 1991), see Appendix A for details.

3.2. The system solver

Our scheme is of order two in space. It means that all quantities
evaluated at the interfaces are reconstructed by using a linear
reconstruction in each cell. To insure numerical stability, the re-
sults presented in this paper used a minmod limiter, but another
limiter could easily be used instead. HERACLES has been im-
plemented in order to work in either Cartesian, cylindrical, or
spherical geometry (cf. Appendix B for the specific divergence
discretization in these geometries).

Noticing that the time step given by the Courant condition is
much smaller for radiation than for hydrodynamics, and since we
are most often interested in studying system over hydrodynami-
cal time scales, we need to develop an implicit algorithm for the

Characteristics: Average 
velocity

Gonzalez+ ’07


