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Phase structure of QCD at high temperature and density 

Lattice QCD Simulations quark-gluon plasma phase

• Phase transition lines
• Equation of state

R
H

I SP

T

L
H

• Direct simulation:

C PS

A

RHIC low-E
FAIR

C

• Direct simulation: 
Impossible at 0.

A
G

S deconfinement?

hadron 
phase color super

quarkyonic?chiral SB?

phase color super 
conductor?nuclear 

matter
q



Problems in simulations at 0
 Problem of Complex Determinant at 0

 Boltzmann weight: complex at 0
 Configurations cannot be generated.
 Monte-Carlo method is not applicable.

i f h d ( i h d) Density of state method (Histogram method)
X: order parameters, total quark number, average plaquette etc.
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Equation of State
• Integral method

– Interaction measure ln  13 Zp 


e ac o easu e

computed by plaquette (1x1 Wilson loop) and the derivative of detM.
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Distribution function for Equation of state
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• We propose a method for the calculation of this W.
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– Overlap problem
– Sign problem
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-dependence of the effective potential
    )(ln)(eff XWXV    ,,,,   TXWdXTZ

X: order parameters, total quark number, average plaquette, quark determinant etc. 
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Distribution function and Effective potential at 0 
(S.E., Phys.Rev.D77, 014508(2008))

• Distributions of plaquette  P (1x1 Wilson loop for the standard action)
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R(P,): independent of ,    R(P,) can be measured at any . 

1st order phase transition?=0 crossoverEffective potential:

     0ln)( PWPRPV

1 order phase transition?

+ = ??

=0 crossover
non-singular

     0,,,ln),,(eff PWPRPV
   ,ln  PR   ,ln  PW

+ = ??



Effective potential at 
(S E Phys Rev D77 014508(2008))

      ,ln,ln,,eff PRPWPV
(S.E., Phys.Rev.D77, 014508(2008))

Results of Nf=2 p4-staggared, 
m/m0.7 Wln

[data in PRD71,054508(2005)]
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at =0

• detM: Taylor expansion up 
to O(6)

Rln

• The peak position of W(P) 
moves left as  increases at 

0=0.

Solid lines: reweighting factor at 
finite /T,  R(P,)

Dashed lines: reweighting factor 
without complex phase factor.



Curvature of the effective potential 
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Existence of the critical point: suggested
– although the quark mass is large.



Probability distribution function by 
h h d i l tiphase quenched simulations

WHOT-QCD Collaboration, in preparation, (arXiv:1111.2116)

• We perform phase quenched simulations
• The effect of the complex phase is added by the• The effect of the complex phase is added by the 

reweighting.
• We calculate the probability distribution function.

G l• Goal
– The critical point
– The equation of state

Pressure, Energy density, Quark number density, Quark number 
susceptibility, Speed of sound, etc.



Probability distribution function 
by phase quenched simulationby phase quenched simulation

• We perform phase quenched simulations with the weight:We perform phase quenched simulations with the weight:
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Phase quenched simulation
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• When  = d pion condensation occurs
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• When u=d, pion condensation occurs.
• is suggested in the pion 

d d h b h l i l 

Phase structure of 
the phase quenched 

2-flavor QCD
0ie

condensed phase by phenomenological 
studies. [Han-Stephanov ’08, Sakai et al. ‘10]

N l b t W( ) d W ( )

 2 flavor QCD

No overlap between W() and W0().
• Where is the source of the large negative 

i V ?
0ie

curvature in Veff ?
– Phase boundary of the pion condensed phase.

P d i i l li b H d d QGP

pion condensed 
phase 

/2– Pseudo critical line between Hadron and QGP 
phases.          large fluctuations in : expected 

m/2 



Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))
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Distribution of the complex phase

• We should not define the complex phase in the range from  to 
• When the distribution of  is perfectly Gaussian, the average of the 

complex phase is give by the second order (variance),
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Complex phase 
• Gaussian distribution   The cumulant expansion is good.
• We define the phase
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Distribution of the complex phase
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• Well approximated by a Gaussian function.Well approximated by a Gaussian function.
• Convergence of the cumulant expansion: good.



Overlap problem
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Overlap problem

• Perform phase quenched     fdet
N

MFPW 

Reweighting method     W0: distribution function in phase quenched simulations.

p q
simulations at several points.
– Range of  F is different.

Ch b i h i
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• Change  by reweighting 
method.

• Combine the data• Combine the data.

Distribution in a wide range:Distribution in a wide range:
obtained. 

• The error of R is small 
because F is fixed.  
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Effective potential at finite 
• Combine V0 and the phase factor.        Preliminary
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Reweighting in phase quenched simulations
very preliminary
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Canonical approach
• Canonical partition function (Laplace transformation )
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• Effective potential as a function of the quark density =N/V
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Inverse Laplace transformation with 
a saddle point approximation (S.E., arXiv:0804.3227)p pp ( , )

• Approximations: 
– Taylor expansion: 

Nf=2 p4-staggered, m/m0.7,   lattice4163
y p

ln det M  up to O(6)
– Gaussian distribution: 

Saddle point approximation– Saddle point approximation
Much easier calculations

• First order transition at 
T/Tc < 0.83

• Study near the physical point
importantp

Solid line: multi- reweighting
Dashed line: spline interpolation Number densityDashed line: spline interpolation
Dot-dashed line: the free gas limit 

Number density



Summary

• The histogram method is useful for the investigation of the 
nature of the phase transitionnature of the phase transition.

• To avoid the sign problem the method based on the cumulant• To avoid the sign problem, the method based on the cumulant 
expansion of is useful. 

• Further studies are important applying this method.


